NASA/CR-2002-211636
ICASE Report No. 2002-11

Optimization of Acoustic Source Strength in the
Problems of Active Noise Control

J. Loncaric
ICASE, Hampton, Virginia

S.V. Tsynkov
North Carolina State University, Raleigh, North Carolina

May 2002



Form Approved

REPORT DOCUMENTATION PAGE OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources,
gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this
collection of information, including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson
Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503.

1. AGENCY USE ONLY(Leave blank) | 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
May 2002 Contractor Report
4. TITLE AND SUBTITLE 5. FUNDING NUMBERS
Optimization of acoustic source strength in the problems of active
noise control C NAS1-97046

WU 505-90-52-01

6. AUTHOR(S)
J. Loncaric and S.V. Tsynkov

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
ICASE REPORT NUMBER
Mail Stop 132C
NASA Langley Research Center
Hampton, VA 23681-2199

ICASE Report No. 2002-11

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/MONITORING
National Aeronautics and Space Administration AGENCY REPORT NUMBER
Langley Research Center NASA/CR-2002-211636
Hampton, VA 23681-2199 ICASE Report No. 2002-11

11. SUPPLEMENTARY NOTES

Langley Technical Monitor: Dennis M. Bushnell
Final Report
To be submitted to the STAM Journal of Applied Math.

12a. DISTRIBUTION/AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Unclassified—Unlimited

Subject Category 64

Distribution: Nonstandard

Availability: NASA-CASI (301) 621-0390

13. ABSTRACT (Maximum 200 words)

We consider a problem of eliminating the unwanted time-harmonic noise on a predetermined region of interest. The
desired objective is achieved by active means, i.e., by introducing additional sources of sound called control sources,
that generate the appropriate annihilating acoustic signal (anti-sound). A general solution for the control sources
has been obtained previously in both continuous and discrete formulation of the problem. In the current paper,
we focus on optimizing the overall absolute acoustic source strength of the control sources. Mathematically, this
amounts to the minimization of multi-variable complex-valued functions in the sense of L; with conical constraints,
which are only “marginally” convex. The corresponding numerical optimization problem appears very challenging
even for the most sophisticated state-of-the-art methodologies, and even when the dimension of the grid is small,
and the waves are long.

Our central result is that the global Lj-optimal solution can, in fact, be obtained without solving the numeri-
cal optimization problem. This solution is given by a special layer of monopole sources on the perimeter of the
protected region. We provide a rigorous proof of the global L minimality for both continuous and discrete opti-
mization problems in the one-dimensional case. We also provide numerical evidence that corroborates our result
in the two-dimensional case, when the protected domain is a cylinder. Even though we cannot fully justify it, we
believe that the same result holds in the general case, i.e., for multi-dimensional settings and domains of arbitrary
shape. We formulate it as a conjecture at the end of the paper.

14. SUBJECT TERMS 15. NUMBER OF PAGES
noise cancellation, control sources, minimization of amplitude, surface monopoles 44
16. PRICE CODE
A03
17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION] 19. SECURITY CLASSIFICATION] 20. LIMITATION
OF REPORT OF THIS PAGE OF ABSTRACT OF ABSTRACT
Unclassified Unclassified
NSN 7540-01-280-5500 Standard Form 298(Rev. 2-89)

Prescribed by ANSI Std. Z39-18
298-102



The NASA STI Program Office . . . in Profile

Since its founding, NASA has been dedicated
to the advancement of aeronautics and space
science. The NASA Scientific and Technical
Information (STI) Program Office plays a key
part in helping NASA maintain this

important role.

The NASA STI Program Office is operated by
Langley Research Center, the lead center for
NASA's scientific and technical information.
The NASA STI Program Office provides
access to the NASA STI Database, the
largest collection of aeronautical and space
science STI in the world. The Program Office
is also NASA’s institutional mechanism for
disseminating the results of its research and
development activities. These results are
published by NASA in the NASA STI Report
Series, which includes the following report

types:

e TECHNICAL PUBLICATION. Reports of
completed research or a major significant
phase of research that present the results
of NASA programs and include extensive
data or theoretical analysis. Includes
compilations of significant scientific and
technical data and information deemed
to be of continuing reference value. NASA'’s
counterpart of peer-reviewed formal
professional papers, but having less
stringent limitations on manuscript
length and extent of graphic
presentations.

e TECHNICAL MEMORANDUM.
Scientific and technical findings that are
preliminary or of specialized interest,
e.g., quick release reports, working
papers, and bibliographies that contain
minimal annotation. Does not contain
extensive analysis.

« CONTRACTOR REPORT. Scientific and
technical findings by NASA-sponsored
contractors and grantees.

+ CONFERENCE PUBLICATIONS.
Collected papers from scientific and
technical conferences, symposia,
seminars, or other meetings sponsored or
cosponsored by NASA.

» SPECIAL PUBLICATION. Scientific,
technical, or historical information from
NASA programs, projects, and missions,
often concerned with subjects having
substantial public interest.

» TECHNICAL TRANSLATION. English-
language translations of foreign scientific
and technical material pertinent to
NASA’s mission.

Specialized services that complement the

STI Program Office’s diverse offerings include
creating custom thesauri, building customized
data bases, organizing and publishing
research results . . . even providing videos.

For more information about the NASA STI
Program Office, see the following:

* Access the NASA STI Program Home
Page ahttp://www.sti.nasa.gov

< Email your question via the Internet to
help@sti.nasa.gov

* Fax your question to the NASA STI
Help Desk at (301) 621-0134

» Telephone the NASA STI Help Desk at
(301) 621-0390

e Write to:
NASA STI Help Desk
NASA Center for AeroSpace Information
7121 Standard Drive
Hanover, MD 21076-1320



NASA/CR-2002-211636
ICASE Report No. 2002-11

Optimization of Acoustic Source Strength in the
Problems of Active Noise Control

J. Loncaric
ICASE, Hampton, Virginia

S.V. Tsynkov
North Carolina State University, Raleigh, North Carolina

ICASE
NASA Langley Research Center
Hampton, Virginia

Operated by Universities Space Research Association

‘Ll:l L 5/
X Prepared for Langley Research Center

under Contract NAS1-97046

%

May 2002




Available from the following:

NASA Center for AeroSpace Information (CASI) National Technical Information Service (NTIS)
7121 Standard Drive 5285 Port Royal Road
Hanover, MD 21076-1320 Springfield, VA 22161-2171

(301) 621-0390 (703) 487-4650



OPTIMIZATION OF ACOUSTIC SOURCE STRENGTH IN THE PROBLEMS OF
ACTIVE NOISE CONTROL*

J. LONCARICT AND S. V. TSYNKOV#

Abstract. We consider a problem of eliminating the unwanted time-harmonic noise on a predetermined
region of interest. The desired objective is achieved by active means, i.e., by introducing additional sources
of sound called control sources, that generate the appropriate annihilating acoustic signal (anti-sound).
A general solution for the control sources has been obtained previously in both continuous and discrete
formulation of the problem. In the current paper, we focus on optimizing the overall absolute acoustic
source strength of the control sources. Mathematically, this amounts to the minimization of multi-variable
complex-valued functions in the sense of L; with conical constraints, which are only “marginally” convex.
The corresponding numerical optimization problem appears very challenging even for the most sophisticated
state-of-the-art methodologies, and even when the dimension of the grid is small, and the waves are long.

Our central result is that the global Li-optimal solution can, in fact, be obtained without solving the
numerical optimization problem. This solution is given by a special layer of monopole sources on the
perimeter of the protected region. We provide a rigorous proof of the global L; minimality for both continuous
and discrete optimization problems in the one-dimensional case. We also provide numerical evidence that
corroborates our result in the two-dimensional case, when the protected domain is a cylinder. Even though
we cannot fully justify it, we believe that the same result holds in the general case, i.e., for multi-dimensional

settings and domains of arbitrary shape. We formulate it as a conjecture at the end of the paper.
Key words. noise cancellation, control sources, minimization of amplitude, surface monopoles
Subject classification. Applied and Numerical Mathematics

1. Introduction. The area of active control of sound has a rich history of development, both as a
chapter of theoretical acoustics, and in the perspective of many different applications. Any attempt to
adequately overview this extensive area in the framework of a focused research publication would obviously
be deficient. As such, we simply refer the reader to monographs [3,5,9] that, among other things, contain a
detailed survey of the literature.

The formulation of the problem that we use in the current paper has been introduced and studied in
our previous work [7]; here, we analyze this formulation from the standpoint of optimization. Let 2 be a
given domain, Q C R, where the space dimension n = 2 or n = 3 (these two cases are most interesting for
applications). The domain Q can be either bounded or unbounded; for the reason of simplicity only we will
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further assume that € is bounded. Let I' be the boundary of Q: T' = Q2. Both on 2 and on its (unbounded)
complement ; = R"\Q we consider the time-harmonic acoustic field u = u(x), € R, governed by the

non-homogeneous Helmholtz equation:
Lu=Au+FKku=f. (1.1)

Equation (1.1) is subject to the Sommerfeld radiation boundary conditions at infinity, which for n = 2 are
formulated as

u(z) =0 <|:1:|_1/2) , 6;‘|($"’|) +iku(z) = o <|m|_1/2) . as |z — oo, (1.2a)
and for n = 3 as
u(x) =0 (|z|™), 8(;(;) +iku(z)=o(z|") as |z| — oo. (1.2b)

The Sommerfeld boundary conditions specify the direction of wave propagation, and distinguish between
the incoming and outgoing waves at infinity by prescribing the outgoing direction only; they guarantee the
unique solvability of the Helmholtz equation (1.1) for any compactly supported right-hand side f = f(z).
We denote supp f = {z|f(z) # 0}.

The source terms f = f(x) in equation (1.1) can be located on both  and its complement ; = R™\Q;
to emphasize the distinction, we denote

f=5+f, (1.3)

where the sources f* are interior, supp f+ C Q, and the sources f~ are exterior, supp f~ C 4, with respect
to . Accordingly, the overall acoustic field u = u(x) can be represented as the sum of two components:

u=ut+u", (1.4)
where
Lut = f*, (1.5a)
Ly~ = f~. (1.5b)
Note, both 4t = uT(x) and u~ = u~ (&) are defined on the entire R", the superscripts “+” and “—” refer

to the sources that drive each of the field components rather than to the domains of these components. The
setup described above is schematically shown in Figure 1.1.

Hereafter, we will call the component ut of (1.4), (1.5a) sound, or “friendly” part of the total acoustic
field; the component u~ of (1.4), (1.5b) will accordingly be called noise, or “adverse” part of the total acoustic
field. In the formulation that we are presenting, Q will be a (predetermined) region of space to be shielded.
This means that we would like to eliminate the noise inside 2 while leaving the sound component there
unaltered. In the mathematical framework that we have adopted, the component u~ of the total acoustic
field, i.e., the response to the adverse sources f~ (see (1.3), (1.4), (1.5)), will have to be cancelled on {2,
whereas the component u1, i.e., the response to the friendly sources f¥, will have to be left unaffected on

Q. A physically more involved but conceptually easy to understand example that can be given to illustrate



Fi1Gg. 1.1. Geometric setup.

the foregoing idea of shielding, is that inside the passenger compartment of an aircraft we would like to
eliminate the noise coming from the propulsion system located outside the fuselage while not interfering
with the ability of the passengers to listen to the inflight entertainment programs or to converse.

The concept of active noise control that we will be discussing implies that the component u~ is to be
suppressed on (2 by introducing additional sources of sound g = g(x) exterior with respect to €2, suppg C Q1,
so that the total acoustic field @ = @(x) be now governed by the equation (cf. formulae (1.1), (1.3))

Li=f*+f"+g, (1.6)
and coincide with only the friendly component 4t on the domain €:

i =quT

c€Q N (17)

zEQ

The new sources g = g(x) of (1.6), see Figure 1.1, will hereafter be referred to as the control sources
or simply controls. An obvious solution for these control sources is ¢ = —f~. This solution, however, is
excessively expensive. One one hand, the excessiveness comes from the information-type considerations, as
the solution g = —f~ requires explicit and detailed knowledge of the structure and location of the sources
f~. As shown in [7], this knowledge is, in fact, superfluous. On the other hand, the implementation of the
solution g = —f~ may encounter most serious technical difficulties. In the previous example, it is obviously
not feasible to directly counter the actual noise sources, which are aircraft propellers or turbofan jet engines
located on, or underneath, the wings. Therefore, other solutions of the foregoing noise control problem,



besides the most obvious one, may be preferable from both the theoretical and practical standpoint. The
general solution for the control sources g was obtained in our previous work [7], and we describe it in the
next Section 2.

Before proceeding, let us only note that in the current paper we focus on the case of the standard
constant-coefficient Helmholtz equation (1.1), which governs the acoustic field and is valid throughout the
entire space R". This allows us to make the forthcoming analysis most straightforward. As a matter of
fact, other, more complex, cases that involve variable coefficients and, maybe, nonlinearities in the governing
equations over some regions, as well as different types of far-field behavior, discontinuities in the material
properties, etc., can be considered as well. Approaches to obtaining solutions for active controls in these cases
are outlined in our previous paper [7] for the continuous formulation of the problem, and in the monograph
by Ryaben’kii [13, Part VIII] for the discrete formulation of the problem.

The material in the rest of the paper is organized as follows. In Section 2, we introduce the control
sources for the continuous formulation of the problem. In Section 3, we obtain the control sources in the
discrete formulation of the problem, i.e., on the grid. In Section 4, we discuss minimization of the overall
acoustic source strength of active controls that we have constructed, which mathematically amounts to the
optimization in the sense of L;. We present a convincing two-dimensional numerical evidence, as well as a
rigorous one-dimensional proof, of global L; optimality of a particular layer of monopole sources concentrated
on the perimeter of the protected region. We believe that the combination of computations in two space
dimensions and general proof in one space dimension cannot be a mere coincidence. As such, even though
we cannot fully justify it, we formulate the corresponding general result on global L; optimality of surface
monopoles as a conjecture in the concluding Section 5. It basically implies that the aforementioned L,

optimization problem can be solved without using any numerical optimization techniques.
2. Continuous Control Sources.

2.1. General Solution. As demonstrated in [7], the general solution for the control sources g = g(x)
is given by the following formula (£2; = R*\Q):

g(z) = —Lw (2.1)

2601,

where w = w(z), ¢ € Q4, is a special auxiliary function-parameter that parameterizes the family of controls
(2.1). The requirements that the function w(z) must meet are, in fact, relatively “loose.” At infinity, it has
to satisfy the Sommerfeld boundary conditions (1.2a) or (1.2b). At the interface I', the function w and its
normal derivative have to coincide with the corresponding quantities that pertain to the total acoustic field

u given by formula (1.4):!

ow
r’ on

_ Ou

= 5 (2.2)

r
Other than that, the function w(z) used in (2.1) is arbitrary, and consequently formula (2.1) defines a large
family of control sources, which, as will be seen in Section 4, provides ample room for optimization. To make
the discussion in the current paper self-contained, we briefly outline below the justification for formula (2.1)
as general solution for controls, while referring the reader to [7] for further detail.

1In practice, the quantities » and % on I' can be measured and supplied to the control system as the input data.



Introducing the fundamental solution G = G(z) of the Helmholtz operator L of (1.1) for n = 2:

G(a) =~ H (klz), (2.3a)

where H(gz)(z) = Jo(z) — iYy(2) is the Hankel function of the second kind , and for n = 3:

e*ik‘m‘

dnlz|’

G(z) = (2.3b)

we can obviously represent the sound portion ut = u™(z) of the overall acoustic field that satisfies equation
(1.5a) everywhere on R™ as follows:

w'(@) = [ G-I Wiy = [ Gla-pIut Wiy, ek (2.4)
Q Q
Consequently, applying the classical Green’s formula (see, e.g., [16] or [22]) to the function ut = u*(z) on
Q, we have:
0G  Out
+t= _ = QO 2.
/F(u o anG)dsy 0, ze€Q, (2.5)
where integrals in (2.5) are, again, convolutions. Similarly, applying the same Green’s formula on Q to
u~ = u~ (x) and using (2.5), we obtain:
0G  Ou~ 0G  Ou
- - T = d = _—— d Q. 2.
u” () /1“ (u " on G) Sy /1“ (u(‘)n 6nG> sy X € (2.6)

Therefore, from (2.6) we can conclude that the desired annihilating acoustic signal v = v(z) that cancels

out the unwanted noise on ) can be obtained as

v(z) = —/F (ug—i - S_ZG> dsy, (2.7)

so that for 2 € 2 we indeed have

[u(w) +v(w)] =u't(z).

zeQ

To actually implement the annihilating signal v of (2.7), we introduce the auxiliary function w = w(x)
on R™ that satisfies the aforementioned conditions at the interface I' and at infinity, and apply the Green’s
formula to w, which yields:

oG  ow
w(zx) — /Q GLwdy = /1“ (w% - %G) dsy, x€Q. (2.8)

As w(z) satisfies the Sommerfeld conditions (1.2a) or (1.2b), we obviously have w(z) = [, GLwdy, € R",
which, along with formulae (2.2) and (2.7), allows us to transform equality (2.8) to

v(z) = — A G Lwdy. (2.9)

Equation (2.9) implies that for any w = w(z) chosen as described above, formula (2.1) describes an appro-

priate control function.



Conversely, assume that ¢ = g(z), suppg C 1, is a control field such that the solution & = i(x)
of equation (1.6) subject to the Sommerfeld conditions (1.2a) or (1.2b) satisfies equality (1.7). Then, by

choosing w = w(z), * € R, as the solution to the nonhomogeneous equation
—Lw = g— f+5

subject to the corresponding Sommerfeld condition, (1.2a) or (1.2b), one can represent g in the form (2.1),
see [7]. Altogether we obtain that formula (2.1) describes the general solution for controls. In other words,
for any w(z), formula (2.1) provides an appropriate control field g(z), and any appropriate control field g(z)
can be represented in the form (2.1) with some particular choice of w(zx).

Let us emphasize several important properties of controls (2.1). First of all, from the foregoing derivation
we can see that to obtain these controls one needs no knowledge of the actual exterior sources of noise f~.
In other words, neither their location, nor structure, nor strength are required. All one needs to know is
u and g—z on the perimeter I' of the protected region 2. As has been mentioned, in a practical setting
u|F and g—ﬁ‘ can be interpreted as measurable quantities that are supplied to the control system as the
input data. Moreover, these measurable quantities refer to the overall acoustic field u, rather than only to
its unwanted component u~. In other words, the methodology can automatically distinguish between the
signals coming from the exterior and interior sources, and can tune the controls so that they cancel only
the unwanted exterior signal. This capability is extremely important as in many applications the overall
acoustic field always contains a component that needs to be suppressed along with the part that needs to
be left intact. Alternatively, one can say that the control sources (2.1) are insensitive to the interior sound
ut(z). Indeed, given a function w(z) that satisfies interface conditions (2.2) and the radiation boundary
conditions at infinity, we can take instead w(z) = w(z) — ut(z); this new function will satisfy the interface
conditions (2.2) with u replaced by u~ and the same Sommerfeld conditions at infinity. Most important,
the control sources generated by w(x) will be the exact same control sources as those generated by w(x)
because Li(z) = Liw(z) — ut(x)] = Lw(z) for ¢ € Q4.

Let us also note that in a more general framework, formula (2.9) (with (2.2) taken into account) can
be interpreted as a particular case of the generalized potential of Calderon’s type with the vector density
—(u: 57)

r

noise control problem, see [7], such as those that involve variations in material properties and alternative

This more general framework allows us to analyze more complex formulations of the active

types of far-field behavior of the solution. We refer the reader to the original work by Calderon [2] and
Seeley [14], as well as to the monograph by Ryaben’kii [13], for the general concepts related to Calderon’s
potentials and associated pseudodifferential boundary projection operators. As concerns the aforementioned
more advanced formulations of the noise control problem, the key result is basically the same as above.
The general solution for control sources is still given by formula (2.1), where the auxiliary function w(zx)
should still satisfy the interface conditions (2.2) and the problem-specific far-field boundary conditions (in
case they differ from the previously mentioned Sommerfeld conditions). The operator L in formula (2.1) will,
however, no longer be the constant-coefficient Helmholtz operator of (1.1), it will rather be the problem-
specific variable-coefficients operator that accounts for the particular variations in material properties, etc.
As, however, formula (2.1) for controls does not change (see [7]), we immediately conclude that we, in fact,
do not need to know the operator L on 2. In other words, for obtaining the control sources we do not need

to know the material properties of the sound-conducting medium inside the protected region. This result,



see [7], which first seems counterintuitive, has, in fact, a straightforward physical explanation. One only
needs to realize that the noise we want to suppress, and the output of controls that is supposed to annihilate
this noise, propagate across one and the same medium, and we do not need to know what this medium is
(under only some relatively non-restrictive limitations, see [7]). It is also interesting to mention that the
aforementioned Calderon’s boundary projection operators essentially render the decomposition of the wave
field u(z) on the boundary T into its incoming and outgoing component with respect to the domain ,
see [7]. Subsequently, the controls (2.1) can be interpreted as either sources cancelling the incoming wave
field for the domain to be shielded, i.e., (2, or alternatively, as sources cancelling the outgoing wave field for
the domain complementary to the one to be shielded, i.e., ;3 = R*\Q. The latter interpretation is often

more versatile, see [7].

Another important thing to notice is that the control sources g(z) of (2.1) are defined, generally speaking,
on the entire complementary domain ©; = R®\. For the analysis of specific problems, especially when
the protected region ) is bounded and the complementary region 2; is unbounded, as in Figure 1.1, it
may be convenient to consider compactly supported control sources, i.e., the control sources concentrated
in the vicinity of the interface I'. To obtain such controls, one needs to narrow down the class of functions
w(x) used in formula (2.1). Namely, instead of considering arbitrary w(x) subject only to constraints (2.2)
and Sommerfeld boundary conditions at infinity, one needs to consider w(z) that become a solution to the
homogeneous Helmholtz equation everywhere outside some larger domain that fully contains the protected
region 2. In so doing, the area outside Q that supports the controls g(x) of (2.1) will stretch from T" to the
outer boundary of the aforementioned larger domain, and may basically look as a curvilinear strip adjacent
to I' from the exterior side. This strip may, in principle, be made as narrow as desired and may eventually
shrink completely thus reducing only to the interface I itself. As will be seen, the sources g(z) supported
only on the perimeter I', represent an important class of active controls. Such distributions g(z) include
monopole and dipole layers as special cases, which are idealizations of pulsating or vibrating membranes.

2.2. Artificial Boundary Conditions and Compactly Supported Controls. To actually obtain
compactly supported controls g(z) in a particular setting, it is often convenient to use the methodology
known as artificial boundary conditions (see the review paper [17]) for the selection of the appropriate
function w(z) in formula (2.1). Assume that w(z) satisfies the homogeneous Helmholtz equation Lw = 0
outside some outer artificial boundary, which is a closed surface (curve) with the interior that fully contains
Q. In Figure 1.1, we schematically represent this outer boundary as a sphere (circle) of radius R. It turns out
that one can equivalently replace the homogeneous equation Lw = 0 along with the Sommerfeld boundary
conditions at infinity by the special artificial boundary conditions (ABCs) at the outer boundary. For the
outer boundary of a general shape, this can be done most efficiently using the same apparatus of Calderon’s
pseudodifferential boundary projection operators, see [13,17], that has been mentioned before. For the
particular case of a regular spherical or circular outer boundary, see Figure 1.1, which is convenient because

of the simplicity of the forthcoming analysis, the ABCs can be constructed as follows.

We will use spherical coordinates (p, 6, ¢) in R*, n = 3, and assume that Lw = 0 for || = p > R,
see Figure 1.1. In addition, we will assume that w(z) satisfies the Sommerfeld boundary condition (1.2b).
Expanding w(z) with respect to spherical functions Y™, 1 =0,1,2,..., m = 0,%1,..., %[, and separating

the variables in the differential operator L, we arrive at the following collection of the second-order ordinary



differential equations

iy, 2 dig, Il+1

wé 2 aw, +[k2—i2)] Wim = 0,

dp* — p dp P (2.10)
p>R, 1=0,1,2,..., m=0,%1,... %,

for the unknown radial modes ;,,,. These modes are also supposed to satisfy boundary conditions at infinity

dibm (p)

Wim(p) =0 (p'), iy

+ ik, (p) =o(p '), as p— oo, (2.11)

which immediately follow from the Sommerfeld condition (1.2b). For any given pair (I,m) the general
solution of equation (2.10) is given by

(kp), (2.12)

Wim =

€ (1) €2 77(2)
%Hl+1/2(k/’) + ﬁHl+1/2

where ¢; and ¢ are arbitrary constants, and H, l(i)l /2(kp) and H, l(i)l /2(kp) are the Hankel functions of the first
and second kind, respectively. Taking into account the asymptotic expressions for the Hankel functions for

a fixed order v and large values of p (see, e.g., [22]):
HM (p) = \/szexp [z (p - gy - %)] +0 (p—3/2) 7
HP(p) = \/gexp [—i <p - gy - g)] +0 (p—3/2) ’

we conclude that only p~1/ QHI(_?I /2(kp) satisfies boundary conditions (2.11) and consequently, the constant
¢1 (see (2.12)) in any particular solution that satisfies the Sommerfeld conditions at infinity has to be equal

to zero. As the two functions pfl/QHI(i)l/z(kp) and p71/2H1(-2+)1/2

for the linear homogeneous second-order ODE (2.10), requiring that only one of them, p~'/2H l(i)l /2

present in the actual solution wy,, is equivalent to requiring that ., (p) be parallel to p—1/ 2Hl(i)1 /o

(kp) form a fundamental system of solutions
(kp), be
(kp) for
p > R in the sense of the corresponding Wronskian vanishing at p = R:

Wi p_l/ZHl(f_)l/g (kp)

det | =0. (2.13)

Lo & (7 PHD, k) -
Obviously, equality (2.13) enforced at p = R implies that it will hold for all p > R as well. Equality (2.13)
is a linear homogeneous relation between a given Fourier component w;, of the solution w(x) and the
corresponding Fourier component dipu?lm of its normal derivative dipw(a:) on the spherical surface p = R.
The entire family of such relations for all I = 0,1,2,... and m = 0,£1,...,+l set at p = R is equivalent
to saying that the function w = w(x) originally defined inside the sphere, i.e., for p < R, can be smoothly
extended to the region p > R so that the extension will solve the homogeneous equation Lw = 0 for p > R
and have a proper far-field behavior, i.e, satisfy the Sommerfeld condition (1.2b). Hereafter, we will refer
to relations (2.13) for I = 0,1,2,... and m = 0,%1,... , £l as to the artificial boundary conditions for the
three-dimensional Helmholtz equation on the spherical surface p = R.

The ABCs for the two-dimensional case on the circular external artificial boundary p = R can be

obtained similarly. We introduce polar coordinates (p,6) in R", n = 2, use standard Fourier expansion in



the circumferential direction with respect to the complex exponents e~ #? [ = 0,+1,42,..., and arrive at
the following collection of the second-order ordinary differential equations:

A2, 1 day 2
S4B |w =0 >R, 1=0,+£1,%2,... 2.14
dp2 p dp [ p2:|wl ) pP = 9 ) ) ) ) ( )

for the unknown radial modes w;. These modes are also supposed to satisfy boundary conditions at infinity

. , din(p) | ., . -
= 1/2 awinp) = 1/2
wi(p) = O (p ) , p + ik (p) = o (p ) , as p— oo, (2.15)

which immediately follow from the Sommerfeld condition (1.2a). For every given [, equation (2.14) is the
Bessel equation and has general solution

@y = ey HV (kp) + e H (kp), (2.16)

where ¢; and ¢y are, again, arbitrary constants. The asymptotics of the Hankel functions for large p’s
indicates that to satisfy (2.15) one must have ¢; = 0 in any particular solution that satisfies the radiation

conditions at infinity. This requirement leads to the following ABCs for the two-dimensional Helmholtz

equation:
() H1(2) (kp)
det . 4 (@) =0, (2.17)
W d_le (kp) p=R
where relations (2.17) should be considered for all [ = 0,+1,+2,.... We refer the reader to the review

article [17] for further detail on the construction of ABCs for different equations in different settings. Let
us also reiterate that once the ABCs (2.13) or (2.17) are satisfied for all radial modes, then we can consider
Lw = 0 for p > R, and as such, the resulting control sources g(x) given by (2.1) will be compactly supported
between the interface I' and the external artificial boundary p = R.

2.3. Types of Control Sources. Let us now analyze the continuous control sources from the stand-
point of their geometric location and type of acoustic excitation that they provide. To put this analysis into
a mathematical perspective, it will be convenient to use the apparatus of distributions, see, e.g., [22].

In our original derivation of formula (2.1), we have implicitly assumed that the function w(x) was
sufficiently smooth so that the operator L could be applied in the classical sense everywhere on 2; = R*\Q.
In this case, the function g(z) is locally integrable, and can be interpreted as regular distribution. As
any other distribution, it can be represented as convolution of its own self with the -function: g = d x g,
which means that the control field g(z) can be formally viewed as the “sum” of elementary point monopoles
9(y)d(z — y) with regular density g: g(z) = dxg = [ g(y)d(x — y)dy. Next, we remind that by definition of
the fundamental solution: LG = 4§, the response to every such elementary monopole g(y)d(x—y) will be given
by g(y)G(x — y); and consequently, the overall control output Gg = [ g(y)G(x — y)dy shall be interpreted
as superposition of the foregoing elementary responses, i.e., solutions generated by the aforementioned point
monopoles. Altogether we see that the original formula (2.1) provides the general solution for controls in a
particular class of functions, namely, that of regular distributions, which in terms of physics is characterized
as volumetric control sources of the monopole type on the complementary domain 3 = R*\Q. Compactly
supported control sources discussed in Section 2.2 obviously fall into this category.



In many cases it may also be desirable to consider surface controls, i.e., the control sources that are
concentrated only on the interface I'. Let us first assume that there are no interior sources, which means that
ut(z) = 0, and the acoustic field we want to control consists only of its adverse component, u(z) = u™ ().
After the control, it has to be equal to zero on the domain Q. As shown in [18], the general solution for
surface controls is given by

g(surf) - _ [g_z _ S_Z]F §(T) — %([w — u]r5(r))7 (2.18)

where w = w(x), as before, denotes the auxiliary function-parameter that in this case has to satisfy the
homogeneous Helmholtz equation on the complementary domain: Lw = 0 for € Q;, and the Sommerfeld
boundary condition (1.2a) or (1.2b) at infinity. Expressions in rectangular brackets in formula (2.18) denote
discontinuities of the corresponding quantities across the interface I'. In so doing, the first term on the
right-hand side of (2.18) represents the density of a single-layer potential, which is a layer of monopoles on
the interface T', and the second term on the right-hand side of (2.18) represents the density of a double-layer
potential, which is a layer of dipoles on the interface T'.

A detailed justification of formula (2.18) as general solution for surface controls can be found in [18].
Here we only mention that it basically amounts to proving that a given solution u(x) of the homogeneous
equation Lu = 0 on 2 can be represented as a combination of a single-layer potential and a double-layer
potential if and only if the densities of the aforementioned potentials are defined as [g—ﬁ’ - g—z]r o(T') and
% ([w — u]pé(T)), respectively (cf. formula (2.18)). The direct implication is easy to establish by applying
the operator L to the discontinuous function

u(z) for x €

o) = w(z) for =€y (219

in the sense of distributions, see [22], which yields

Ow _ Ou ] A+ % ([w — ulro(T)), (2.20)

and subsequently reconstructing u(.'1r,')|m ca = 1)(:1r,')|m cq @s convolution with the fundamental solution. The
inverse implication requires explicitly obtaining w(x) for a given u(x) and given surface densities, which is
done in [18], again, in the form of a special surface integral. Then, the control sources (2.18) are obtained
by simply taking (2.20) with the opposite sign, which guarantees the cancellation of u(z) on Q by —v(z).
In the family of surface controls (2.18) we identify two important particular cases. First, the cancellation
of u(x), ¢ € Q, can be achieved by using only the surface monopoles, i.e., by employing only a single-layer
potential as the annihilating signal. To do that, we need to find w(z), ¢ € Q1, such that the overall function
v(z) of (2.19) would have the discontinuity on I" only in its normal derivative, and not in the function itself.
This w(z) will then be a solution of the following external Dirichlet problem:
Lw=0, ze€f,
(2.21)
w|. = ulp,
subject to the appropriate Sommerfeld boundary condition (1.2a) or (1.2b). Problem (2.21) is always
uniquely solvable on ; = R*\Q. Second, one can employ only the double-layer potential to cancel out
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u(x), x € Q, i.e., use only surface dipoles as the control sources. In this case, the function w(z), x € Q4,
has to be such that v(x) given by (2.19) would have discontinuity on T only in the function itself, and not
in its normal derivative. This w(z) should then solve the following external Neumann problem:

Lw=0, ze€,
ow) _ o
onlr  On

(2.22)

"
again, subject to the appropriate Sommerfeld condition at infinity, (1.2a) or (1.2b); the latter guarantees the
solvability of (2.22).

In a more general case, when interior sources are present, the results, in fact, do not change. Assume,
as before, that the overall acoustic field is the sum of its friendly and adverse components (see (1.4)):
u(z) = uT(x) + u(x), and we want to cancel out u~(x) on Q. Then, formula (2.18), where u shall now
be interpreted as in (1.4) and w is a function-parameter, will still provide the general solution for surface
controls. Indeed, since Lut = 0 on Q; and moreover, u*(x) and ‘95‘—:(:1:) are continuous across the interface

T, then (2.18) simply reduces to

gD = [g—;{; - %Ln] 5(0) — (5 — ulrd(0)), (2.23)
where the new function-parameter @ is given by w(z) = w(z) — u™(z) and as such, satisfies the afore-
mentioned general requirements of w’s. This means that the control sources g“™f)(z), & € T, defined by
(2.18), or equivalently (2.23), appear insensitive to the friendly component u™(z) of the acoustic field, and
will annihilate precisely 4~ (&) on the domain 2. Furthermore, the entire family of surface controls (2.23) is
obviously the exact same family as we would have obtained if there were no interior sources and the overall
acoustic field consisted of only u~ (). It is also clear, that the same reasoning will apply to the particular
cases of purely monopole and purely dipole controls. Namely, if in problems (2.21) and (2.22) we interpreted
the boundary data u and 3% (respectively) in the sense of (1.4), then the solution w of either problem would
obviously be w(z) = w(z) + u™(x), where @w(x) is the solution that corresponds to u*(z) = 0. This means
that both the monopole and the dipole layer constructed using the respective solution w(x) would be the
exact same monopole or dipole layer that suppresses v~ (x) on € in the case of no interior sources and no
interior sound.

Altogether we conclude that as indicated by formula (2.18), surface control sources are combinations
of monopole and dipole layers, with the two “extreme” cases corresponding to either only monopoles, see
(2.21), or only dipoles, see (2.22). From the standpoint of physics and engineering, the monopole and dipole
sources provide different types of excitation to the surrounding sound-conducting medium. A point monopole
source can be interpreted as a vanishingly small pulsating sphere that radiates acoustic waves symmetrically
in all directions, whereas a dipole source resembles more a small oscillating membrane that has a particular
directivity of radiation (see, e.g., [9] for a more detailed discussion on the properties of different sources).

In the current paper, we are going to study the control sources of one physical kind only; namely, the
monopoles.? This class includes the volumetric controls (2.1), i.e., monopoles distributed in space, and their

2We intentionally leave out the discussion of how easy or how difficult it may be to implement a given type of control sources
in a practical setting.
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limiting case given by the monopole layer on the surface I" (cf. (2.18)):

(surf) _ [6w Ou

monopole — on - on

] 5(I), (2.24)
T

where w = w(z) in (2.24) solves the Dirichlet problem (2.21). The reason for narrowing down the class of
admissible controls is that having only one and the same physical type of sources greatly facilitates their
description and comparison using the same quantitative characteristics, e.g., acoustic strength (see Section 4
for more detail). This, in particular, will allow us to formulate (see Section 4.1) and solve (see Sections 4.2

and 4.3) the optimization problem for the control sources.

3. Discrete Control Sources. Similarly to the continuous constructions of the previous Section 2,
one can discretize the problem on the grid and obtain the control sources for the discrete formulation. From
the standpoint of applications this is, of course, preferred, because any practical design of a noise control
system can only contain a finite number of elements or devices (acoustic sensors and actuators) that will be
associated with the grid nodes in the discrete case. Details regarding the discrete formulation of the noise
control problem can be found in the monograph by Ryaben’kii [13, Part VIII], as well as in the papers [20,21];
here we only provide a brief account of the corresponding work. The analysis hereafter will not be limited to
any specific type of the grid. In particular, no adaptation or grid fitting to either the shape of the protected
region Q (i.e., interface T'), or that of the external artificial boundary, will generally be required. In some
cases, though, it may simply be convenient and inexpensive to use regular grid of an appropriate geometry.
For example, as we discuss later, having a polar or spherical grid may greatly simplify setting the ABCs on

the circle or sphere of radius R, respectively, in the discrete framework.

3.1. Grids and Discretization. Let us now introduce a finite-difference grid N that would span both
Q and Q. In the discrete formulation, the grid never stretches all the way to infinity, it is always truncated by
the external artificial boundary, which implies that the discrete control sources that we obtain will always be
compactly supported. Later in Section 3.3, we will discuss how to set the appropriate ABCs for the discrete
formulation. Let now u(® be a representation of the acoustic field on the grid, and L(® be a finite-difference
approximation of the differential operator L of (1.1). To accurately define the approximation, we will need
to introduce another grid M along with the previously defined N. On the grid M, we will consider the
residuals of the operator L") and subsequently the right-hand sides to the corresponding inhomogeneous
finite-difference equation. We will use the notations n and m for the individual nodes of the grids N and M,
respectively, and the notation N,, for the stencil of the discrete operator L") centered at a given m € M, so
that

L(h)u(h)‘ = Z Amntul?), (3.1)
m neEN,,

where a,,, are the coeflicients associated with particular nodes of the stencil. There are no limitations to

the type of discrete operators that one may use. We only require that the difference operator L(®) of (3.1)

approximate the differential operator L of (1.1) with the accuracy sufficient for a particular application.
Next, we introduce the following subsets of the grids M and N, which will allow us to accurately dis-

tinguish between the interior and exterior domains, interior and exterior sources, and interior and exterior
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solutions on the discrete level:
Mt =MNQ, M =MM"=MnNQ,
Nt= U N, N= U N, (3.2)
meMt meM™
y=NNN", v7#"=NNQ, v =N"NQ.

We emphasize, that the grid M that pertains to the residuals of the finite-difference operator L") is parti-
tioned into Mt and M~ directly, i.e., following the geometry of Q and ;. In contradistinction to that, the
grid N is not partitioned directly, we rather consider the collection of all nodes of N swept by the stencil
N,. when its center belongs to M™, and call this sub-grid N*, see (3.2). Obviously, some of the nodes of
Nt obtained by this approach happen to be outside , i.e., in Q;, and these nodes are called y~. The sets
N~ and 7T are defined similarly starting from M~. The key idea is that whereas the grids Mt and M~
do not overlap, the grids Nt and N~ do overlap, and their overlap is denoted +; obviously, v = vt U~y~.
The subset of grid nodes -y is called the grid boundary, it is a fringe of nodes that is located near the con-
tinuous boundary I' and in some sense straddles it. The specific structure of v obviously depends on the
construction of the operator L®) of (3.1) and the stencil N,,,. For example, for the conventional second-order
central-difference Laplacians on rectangular grids, v will be a two-layer fringe of grid nodes located near T,
as shown schematically in Figure 3.1. Further specifics on the construction of grid boundaries can be found

in the monograph [13].

3.2. Discrete Noise Control Problem and Its General Solution. Having introduced the dis-
cretization (3.1) and grid subsets (3.2), we can formulate and solve the noise control problem on the grid.
We will reproduce below the key results of [13, Part VIII], see also [20,21] for detail.

The discrete noise control problem is formulated similarly to the continuous one, see Section 1. Let fT(,f” )+,
m € Mt and f,(,? )_, m € M, be the interior and exterior discrete acoustic sources, respectively. Let u%h)Jr,
n €N, and u ", n € N, be the corresponding solutions, i.e., LWuM+ = f(W+ and LWy~ = f)-
Using the same terminology as before, we will call u("* the discrete sound and u("~ the discrete noise.
The overall discrete acoustic field (" is the sum of its sound and noise components, u(") = 4"+ 4 4(W) = on
N, and obviously satisfies the equation LMy(h) = f(h) = f(h)+ 4 (k)= The goal is to obtain the discrete
control sources g = g{" 5o that the solution 4" of the equation LMW@h = fFW+ 4 W)= 4 5(h) be equal
to only the sound component u("* on the sub-grid Nt.

Let us now remind that in the continuous case, the unique solvability of the governing differential
equation (inhomogeneous Helmholtz’ equation) was guaranteed by the Sommerfeld radiation conditions
(1.2a) or (1.2b) at infinity. In the discrete case, we also need to guarantee the unique solvability of the
foregoing finite-difference equations, but we obviously cannot directly set the boundary conditions at infinity.
Therefore, the Sommerfeld radiation conditions have to be replaced by some other boundary conditions set
at a finite location. To preserve the physics of the model that involves the propagation of waves toward
infinity, one may choose to set the appropriate ABCs at the external artificial boundary that truncates our
domain.? We emphasize that previously, i.e., in the continuous case, we have introduced and used the ABCs,

see Section 2.2, only for the purpose of obtaining compactly supported controls, and the ABCs applied to

3The ABCs that would guarantee that the interior solution can be extended beyond the artificial boundary so that the
extension solve the Helmholtz equation and display the correct far-field behavior.
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FiG. 3.1. Schematic geometry of the domains, the stencil, and the grid boundary v = v+ Uy~ : Hollow bullets — T,
filled bullets — v~

the auxiliary function-parameter w(x), see (2.13) or (2.17). In the discrete case, the ABCs should apply
to the actual solutions u(®, u(™+ (")~ and 4", which represent the acoustic fields on the grid. For the
purpose of constructing the controls, however, we will never need to implement the ABCs for the acoustic
solutions on the grid explicitly. We will only need to know that these boundary conditions can be obtained
(a variety of different approaches can be found, e.g., in [17]), and that they will guarantee the solvability of
the difference equations involved.

There will, of course, be an explicit role for the ABCs in the discrete framework as well. We will
employ these boundary conditions in the same capacity as we have used the original continuous ABCs
in (see Section 2.2). Namely, when obtaining compactly supported controls, the ABCs will truncate the
corresponding discrete function-parameter w®. A specific approach to constructing the discrete ABCs that
we use in this work is based on discretization of the continuous ABCs of Section 2.2, and we discuss it in the
following Section 3.3. Altogether, both the discrete acoustic fields and the discrete-function parameter that is
used for constricting the control sources, see formula (3.3) below, are going to satisfy the same ABCs. This is
similar to the continuous case, when both the solution itself (i.e., acoustic field) and the function-parameter

w satisfied the same Sommerfeld radiation conditions at infinity.

The general solution for the discrete control sources g(®) = g,(g ) that eliminate the unwanted noise (")~
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on Nt is given by the following formula (cf. formula (2.1)):

g = _ LW (3.3)

mEMﬁ’

where w(® = w%h), n € N7, is a special auxiliary grid function-parameter that parameterizes the family

of controls (3.3). The requirements that this function w(® must satisfy are, again, rather “loose,” and can
be considered natural discrete counterparts of the corresponding requirements of the continuous function-
parameter w(x), see the discussion around formula (2.2) in Section 2.1. Namely, at the grid boundary ~ the
function w® has to coincide with the overall acoustic field u(® to be controlled:

uéﬁ”n&v ::ug”|

(3.4)

ney’

We note that since, e.g., for the second-order discretizations the grid boundary ~y contains two layers of nodes,
~* and v, see Figure 3.1, then specifying the corresponding nodal values on + is in some sense equivalent
to specifying the function and its normal derivative on I' in the continuous case, see (2.2). Of course, this is
not a rigorous statement from the standpoint of approximation; we will address the approximation-related
issues later on. We also note that when creating practical designs, the boundary data u%h)|n ey shall be
interpreted as measurable quantities that provide input for the control system. In other words, we can think
of a microphone at every node of 7; these microphones measure the characteristics of the actual acoustic
field and generate the input signal u%h) |n e

The other requirement of w(*), besides the interface boundary conditions (3.4), has already been men-
tioned. The function w® must satisfy the appropriate discrete ABCs at a finite external artificial boundary.
The role of the discrete ABCs is the same as that of the continuous ABCs — to provide a replacement for
the Sommerfeld radiation boundary conditions. This is done in the same approximate sense as the operator
L™ approximates L, see Section 3.3. Other than the two aforementioned requirements, the function w(®
is arbitrary and as such, parameterizes a substantial variety of discrete control sources, see (3.3). The latter
will provide the search space for optimization in Section 4.

The justification for formula (3.3) as the general solution for the discrete control sources is based on
the theory of difference potentials, see [13]. In the framework of this theory one can show that the solution
o™ = v of the equation LMv(® = g(A subject to the appropriate ABCs, where g(® is defined according
to (3.3) and (3.4), will be equal to exactly —u("~ on the interior sub-grid N*: v{® went = —uM|
In other words, when the controls g*) of (3.3) are added to the original source terms of the governing finite-
difference equation, they annihilate the unwanted noise on the domain of interest in the discrete sense, i.e.,

(h)

on the grid. The aforementioned solution vy, + is called the generalized difference potential with the

|n€N

)|n e defined on the grid boundary . It is shown in the theory of difference potentials, see [13],
(h)

that the potential depends only on its density —uy, |n e and not on the values of the function-parameter

outside ~: w%h)

density —u%h

|n eN-\y" Consequently, all possible controls g(h) obtained according to (3.3) with different

w™)’s subject only to (3.4) and the corresponding ABCs (see Section 3.3), will produce identical output

on Nt that will cancel out the unwanted noise u%h)_ This provides room for optimization of the

|n€N+'
discrete control sources, see Section 4. It can also be shown that every discrete control source ggf )|

that cancels out u,(zh)f

meM—

|n en+ can be represented in the form (3.3) with some function w(® = w%h), n €N,

that satisfies (3.4) and the external boundary conditions (ABCs). Similarly to the continuous case, this
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is done by explicitly constructing the appropriate w® for a given ¢(» and u%h) ney We refer the reader

to [13, Part VIII] and [20,21] for detail.

As has been mentioned, the cancellation of noise in the discrete framework is obtained on the grid N*.
It is important to understand in what sense this discrete cancellation models the continuous cancellation
described in Section 2. This is basically the question of approximation of the continuous generalized potentials
by the discrete ones. To that effect, the theory of difference potentials, see [13], says that under certain natural
conditions, the difference potential v = v, n € N*, i.e., the solution to LM v = ¢g(®) with ¢(" given
by (3.3), approximates the continuous Calderon’s potential v = v(z), = € , see (2.9), i.e., the solution
to Lv = g with g given by (2.1). The aforementioned natural conditions include first the consistency and
stability of the finite-difference scheme for the Helmholtz equation. Consistency and stability will guarantee
convergence as the grid size vanishes. In addition, the discrete boundary data u%h)|n€,y of (3.4) have to
approximate the continuous boundary data (u, g—g) |r of (2.2) in the following sense. Once the continuous

function u and its first-order normal derivative g—z are known at the boundary T', normal derivatives of

higher orders can be obtained via the differential equation itself, and the near-boundary values u%h) |n e, can
be calculated using Taylor’s expansion; the order of accuracy of the latter calculation with respect to the grid
size h has to be at least as high as the order of accuracy of the interior scheme. In this case, the quality of
approximation, i.e., the rate of convergence of the discrete potential to the continuous one with respect to h,
will be the same as prescribed by the finite-difference scheme itself. For the second-order central-difference
schemes discussed in Sections 3.3 and 4, this rate is O(h?). In other words, when designing an active control
system following the finite-difference approach, one can expect to have the actual noise cancellation in the
same approximate sense as the solution of the finite-difference equation approximates the corresponding
solution of the original differential equation. Note, in any particular practical setting we will need to require
sufficient wave resolution on the grid, i.e., the waves of length A = 27/k, where k is the wavenumber in (1.1),

will have to be well resolved by the specific discretization.

3.3. Specific Discretization and Discrete Artificial Boundary Conditions. As has been men-
tioned, one can use different approaches to construct discrete ABCs (see, e.g., [17]) that are needed to obtain
compactly supported controls. The most straightforward technique, which is adopted in the current study,
although it is apparently not the most universal one, is to directly approximate the continuous boundary
conditions (2.13) or (2.17) with sufficient order of accuracy. For that, we will need a grid that would be
fitted to the shape of the external artificial boundary, i.e., a polar or spherical grid. An example of the
corresponding grid subsets v and ~ for polar coordinates is schematically shown in Figure 3.2.

In all numerical experiments that follow in Section 4, we use a two-dimensional setup. Accordingly, we
introduce a polar grid that has J cells in the radial direction with the nodes p; = jAp, j =0,...,J, so
that po = 0 and py = R; and L cells in the circumferential direction with the nodes 8; = sAf, s =0,...,L,
so that 8o = 0 and 61, = 27. For simplicity, it is convenient to assume that the grid sizes Ap = R/J and

Af = 27 /L are constant; in applications, the grid in the radial direction may be stretched, see Section 4.2.
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The Helmholtz equation is discretized on this grid with the second oder of accuracy by central differences:

(R) (h) (h) (h)

11 Wy i g — W, s w. . — W, .
(h),, (k) - s,j+1 SJj 8,J s,j—1
P =08 P sy Pl Ay i
3.5
1 w = 2™ 4 (33
= s+l 5, s=lj 2w =0
p? AG? 5.J ;

The left-hand side of (3.5) is a particular realization of the operator (3.1) that employs the five-node stencil
shown in Figure 3.2. This operator will be used in Section 4 for obtaining optimal discrete control sources.
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F1G. 3.2. Schematic geometry of the domains, the stencil, and the grid boundary v = vy~ Uy~ in polar coordinates: Hollow
bullets — 7+, filled bullets — .

To construct the finite-difference ABCs at p = R, we will also consider a semi-discrete form of the

homogeneous equation in the far field:

1 s 1 wsy1 — 2w S—
d (pdw> 1 wsp1 —2ws +w ! Y k¥w, =0, s=0,...,L—1. (3.6)

pdp \"dp ) " p? Ag?

Introducing the direct and inverse discrete Fourier transforms, ! = —-L/2+1,...,L/2,8=0,...,L—1:

= L/2
UAJl — E wselesA07 wy = Z UA]lezlsAG7 (37)
=0 I=—L/2+1
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we reduce (3.6) to the following system of ODEs with respect to w; = w;(p):

1d [ dwy a? . 9. 9 4 | ,IAG
;% (pd—p> —Fﬂ)l'*'k U)l:(), g :A—02$1H T, pZR, (38)
where againl = —L/2+1,...,L/2. Equations (3.8) are the same as (2.14), except that in the discrete case
the range for [ is finite, and /% in (2.14) has been replaced by o in (3.8). Therefore, we can use the same

boundary conditions (2.17) for [ = —-L/2+1,... ,L/2:

d o LH (kR)
—ar| =0 (R) g, (3.9)
dp | ,—r Hy, (kR)

only with the Hankel functions of order [ replaced by the Hankel functions of the order ¢;. For implementation
in the foregoing discrete framework, boundary conditions (3.9) for all I = —L/2+ 1,...,L/2 have to be
approximated with the second order of accuracy, which can be easily done as follows:

N . N . d r7(2)
wy, g — Wi, j-1 wyg Wi, g-1 . d_pHaz (kR)
- B =0, Bi=" (3.10)
Ap 2 Hs, (kR)
Finally, relations in (3.10) for all l = —L/2+1,...,L/2 can be rewritten in the matrix form:
w. ;= F'diag{ — i+ﬁ i—ﬁ N Fuw =Tw (3.11)
LJ = g Ap 1 Ap 1 LJ—-1 = L, J—15 .
where F and F~! are matrices of the direct and inverse discrete Fourier transforms of (3.7), and w. ; and
w. y_1 are L-dimensional vectors of components wgh} and wi{l}_l, respectively, s =0,1,... ,L — 1.

In the three-dimensional case, instead of the discrete Fourier transforms (3.7) one can use expansions
with respect to the so-called finite-difference spherical functions (see [13, Part IV, Chapter 4]) that form
a full orthogonal system of eigenvectors for the spherical part of the discrete Laplacian. Other than that,
the construction of the discrete three-dimensional ABCs will be similar to the foregoing two-dimensional
construction. We do not delineate on it here because we do not conduct three-dimensional computations
in this paper. Let us also mention that for small [ the difference between I? and the corresponding o}, see
(3.8), will obviously be small as well. Therefore, for smooth functions w, for which the short-wave part of
the spectrum (large I’s) is insignificant, one may not even have to replace [ in (2.17) by o in (3.9). We
have observed this type of behavior in the previous paper [12], in which we studied similar questions for the
Poisson equation.

3.4. Types of Discrete Control Sources. Similarly to the continuous case, see Section 2.3, let us
now identify some particular types of the discrete control sources. First, we define another subset of the grid
M (more precisely, of M™):

M, ={meM |N, Nyt =0}.

Basically, M., is the interior subset of M~, such that when the center of the stencil sweeps this subset, the
stencil itself does not touch v, see Figures 3.1 and 3.2. In other words, we can say that M,_, is a subset of
M~ such that

U N,=N\y
meM,,
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Having defined this new subset M, , we now introduce the auxiliary function wh) = wslh), n € N—, for (3.3)

as follows:
wh [ ulh) e (3.12a)
and
h _ . (h
e (3.12b)

LMw™ =0 on M ;-

As before, we also assume that w(®) satisfies the appropriate discrete ABCs, see, e.g., (3.11). Definition

(3.12a) means that on the interior part of the grid boundary 4+ we simply set w(® equal to the given

(h

ulh): w,(lh)|n eyt = Un Definition (3.12b) is actually a discrete exterior boundary-value problem of

)|n€7+_
the Dirichlet type. Indeed, everywhere on and “outside” the exterior part of the grid boundary v, i.e., on
N=\~T, the grid function w™ is obtained as a solution of the homogeneous equation L(Mw®" = 0 (enforced
at the nodes M, ) supplemented by the boundary data on v~: w%h) |n e = usbh) |n P
the unknown function w(® itself. Note, relation (3.12a) and the first relation (3.12b) together are obviously
equivalent to (3.4). Therefore, the function w® defined via (3.12a), (3.12b) falls into the general class of

w™’s used for obtaining the discrete control sources, see Section 3.2.

which is specified for

Problem (3.12b) can clearly be considered a finite-difference counterpart to the continuous Dirichlet

problem (2.21). Therefore, its is natural to call the control sources g(® = gr(r}l'(;if;gle

(3.3), (3.12a), (3.12b) the discrete surface monopoles. Indeed, because of the definition of w(® given by
h,surf . . . _ —
(3.12a) and (3.12b), these g( surf) may, generally speaking, differ from zero only on the grid set M~ \M, ,

monopole

obtained by formulae

which is a single “curvilinear” layer of nodes of grid M that follows the geometry of I'. Accordingly, the
output of these controls can be called the discrete single-layer potential; it was first introduced and analyzed
in our recent paper [18]. Let us emphasize that unlike the continuous surface monopoles (2.24), which
belong to a different class of functions rather than the volumetric sources (2.1) and (2.2) (singular J-type
distributions vs. regular locally integrable functions), the foregoing discrete surface monopoles belong to
the same original class of discrete control sources (3.3) and (3.4). They can be considered as the ultimate
reduction of the volumetric discrete controls (3.3) and (3.4) to the surface. In the following Section 4, the
discrete surface monopoles will play a fundamental role for the analysis of the optimization problems.

Besides the discrete surface monopoles and the corresponding single-layer potential, one can also define
the discrete surface dipoles and, accordingly, the double-layer potential, see [18]. Grid dipoles are introduced
for the pairs of neighboring nodes so that the nodes in the pair are assigned equal in magnitude and opposite in
sign values. The control sources in the form of discrete surface dipoles can be obtained by solving a special
Neumann-type discrete exterior boundary-value problem for the auxiliary function w(®, which would be
analogous to the continuous problem (2.22). The construction of surface dipoles, however, is somewhat more
elaborate than the foregoing definition of surface monopoles. And because in this paper we basically focus
on the monopole-type sources only, we are not going to further delineate here on the issue of discrete surface
dipoles, and will rather refer the reader to our paper [18] for detail.

4. Optimization of Control Sources. Once the general solution for controls is available, in either

continuous (2.1) or discrete (3.3) formulation, the next step is to decide what particular element of this
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large family of functions will be optimal for a specific setting. There is a multitude of possible criteria for
optimality that one can use, we discuss some of them in the forthcoming paper*. We should also emphasize
that in many practical problems the cancellation of noise is only approximate and as such, the key criterion
for optimization (or sometimes, the key constraint) is the quality of this cancellation, i.e., the extent of noise
reduction. In contradistinction to that, in this paper we are considering ideal, or exact, cancellation, i.e.,
every particular control field from either the continuous (2.1) or discrete (3.3) family completely eliminates
the unwanted noise on the domain of interest. Consequently, the criteria for optimality of the controls that
we can employ will not include the level of the residual noise as a part of the corresponding function of merit,
and should rather depend only on the control sources themselves. We realize, of course, that at a later stage
of the work we will also need to look into the issues of approximate, rather than identical, noise cancellation,
for the reason of further reducing the costs. In this case, optimal solutions found in the framework of the
exact cancellation are likely to provide good initial guesses for subsequent optimization in the approximate
framework. Moreover, it will probably be possible to use some results from the approximation theory to
deal with the issues of approximate noise cancellation once we have solutions for the exact cancellation. We
expect that this approach will be much faster than any algorithm of combinatorial type. A similar reduction
in computational complexity of optimization was outlined in our earlier work [6] on the optimal distributed

control of the exterior Stokes flow.

4.1. Optimization in the Sense of L;. To derive a meaningful criterion for optimization of the
control sources, let us first briefly discuss the physical meaning of the quantities involved in the formulation
of the problem. The most natural way to interpret the field variable u = u(x) (as well as its discrete
counterpart u%h)) is to call it acoustic pressure. Indeed, acoustic pressure is the quantity which is directly
measured by the sensing devices (microphones), and as such can be immediately supplied as the required
boundary input data for the control system, see formula (2.2) for the continuous formulation of the problem
and formula (3.4) for the discrete formulation. Then, the quantity f = f(x) that represents distributed
monopole sources on the right-hand side of the original Helmholtz equation (1.1), as well as its discrete
counterpart f,(,f ), shall be interpreted as volume acceleration per unit volume multiplied by the ambient fluid
density (see, e.g., [8,9]). Taking into account that we are only considering the time-harmonic case so that

%( -) = —iw(-), we can write

flx) =iwgod(x), (4.1)

where w is the frequency of the original temporal oscillations,® gy = const is the ambient fluid density, and
G(z) is the volume velocity per unit volume. Let us recall [8,9], that the actual volume velocity is defined as
the integral of the normal component of the fluid particles’ velocity: ¢ = [ s Undo, evaluated over a closed
surface S. It is often referred to as the acoustic source strength, see [8,9], that pertains to the sources located
inside S. Accordingly, the volume velocity per unit volume G in formula (4.1) is given by § = Vli_)n:li_ 0% J g Undo,
where V is the volume enclosed by S. For distributed monopole sources, this quantity is assumed finite and is
often referred to as the acoustic source density (i.e., acoustic source strength per unit volume). In the case of

an isolated point monopole, i.e., a é-type source, which can be represented as a vanishingly small oscillating

4 J. LONGARIC AND S. V. TSYNKOV, Quadratic optimization in the problems of active control of sound, in progress, 2002.
5We remind that the wavenumber k in the Helmholtz equation (1.1) is given by k = w/c, where c is the speed of sound.
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sphere of radius e with surface velocity U, the volume velocity can be introduced as ¢ = €l_i>IJrr10UE47r€2. When
the strength ¢ of this isolated monopole is finite, the associated source density is formally infinite (which is
natural to expect for a d-type source). In the case of a continuous distribution of sources, the relationship
between the source density and source strength is standard (like between the mass density and total mass,
electric charge density and total charge, etc.) and basically says that the integral of the source density over
a given region is equal to the overall source strength associated with this region.

Obviously, the physical meaning of the quantity g = g(x) of (2.1) that describes the control sources is
the same as that of the original right-hand side f = f(z) in (1.1). If the field variable is interpreted as
acoustic pressure, then g(z) shall be interpreted as the volume velocity per unit volume or alternatively,
the acoustic source strength per unit volume (up to a multiplicative constant) of the control sources. It is
important to mention that as we are studying the time-harmonic traveling waves, all the quantities involved
in the formulation of the problem are complex-valued. This is essential, as otherwise it would have been
impossible to account for the key phenomenon of the variation of phase between different spatial locations.

Having identified the physical meaning of the variables involved in the noise control model that we have
adopted, we would argue in the current paper for selecting the optimal control sources based on minimization
of their overall absolute acoustic source strength. Mathematically, this translates into the minimization of

the Ly norm of the control sources:

lglls = / lg(&)|dzz —> min, (4.2)

supp g

where the search space for minimization in (4.2) includes all the appropriate auxiliary functions w(z), by
means of which the controls g(z) are defined (see formulae (2.1), (2.2), and the discussion in the beginning
of Section 2.1). The advantage of using this criterion for optimization is that it has a clear physical inter-
pretation. Indeed, the total absolute volume velocity, i.e., the integral amplitude of surface velocity for all
the sources, is to be driven to a minimum, which can be a characterization of the corresponding engineering

devices. For comparison, we note that the criterion based on the the L2 norm:

llgll2 = / |g(z)|2dz —> min
supp g

does not have a similar clear physical interpretation, although as indicated below (see also our forthcoming
paper, footnote 4) the corresponding numerical optimization problem is much easier to solve. Another
advantage of using the L; norm, or in other words, the overall absolute acoustic source strength, as the
cost function for optimization (minimization), is that it characterizes only the control sources themselves.
This is a convenient distinction compared, e.g., to the power-based criteria, which would always involve the
interaction between the sources and the field they operate in. This interaction is often referred to as the
“load” on the sources by the field, see [9], and may lead to certain types of degeneration when solving the
optimization problem, see footnote 4.

In the discrete framework, the L; minimization problem that corresponds to (4.2) is formulated as
follows:

lg™lh= > Vinlgi)| — min, (4.3)
meM- N{p<R}
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where V,,, accounts for the volume in 3D or area in 2D of a particular grid cell, and again, the search space
includes all the appropriate auxiliary grid functions w(®), through which g(® is defined, see formula (3.3).
The function w™ is supposed to satisfy boundary conditions (3.4) on the interface, and the selected ABCs
at the external artificial boundary; for the two-dimensional examples analyzed in the following Section 4.2
the latter will be boundary conditions (3.11).

Let us now return to the definition (3.3) of the discrete control sources g‘*) and adopt the polar framework
of Section 3.3. The finite-difference operator L") can obviously be interpreted as a matrix with N columns
and M rows, where N is the number of nodes n = (s, j) of the grid N~ such that the corresponding radial
coordinate p; < R, i.e., j < J, and M is the number of nodes m = (s,j) of the grid M~ such that the
corresponding radial coordinate p; < R, i.e., § < J—1. Denote by w the vector of N components wg’) = wé(:})
such that n € N~ and j < J. The components of w can obviously be arranged in a particular way so that

this vector can then be decomposed into four sub-vectors:

w = [w,, wo, w. j_1, w.,J]T, (4.4)

where w, contains all those and only those w%h) for which n € ~, w.; and w. ;1 correspond to the

outermost and second to last circles of the polar grid, respectively, as in formula (3.11), and wp contains
all the remaining components of w. In accordance with (4.4), the matrix L(®) can be decomposed into four

sub-matrices:
L™ =4, B, C, D], (4.5)

where the number of rows in all four is the same and equal to M, A has as many columns as there are nodes
in v (we denote this number |y|, C and D each has L columns (see Section 3.3), and the number of columns
in B is obviously N — |y| — 2L.

Using representations (4.4) and (4.5), one can rewrite the optimization problem (4.3) as follows:

| V(Awy + Bwy + Cw. j—1 + Dw. j)||s — min, (4.6)

where the norm in (4.6) is a conventional L; norm on complex M-dimensional vectors, and V is an M x M
diagonal matrix with the entries given by the corresponding cell areas V,,,. Next, we recall that the search
space for optimization (4.3) is composed of all the appropriate grid functions w® | which means that the
vector w in the optimization formulation (4.6) is, in fact, subject to a number of equality-type constraints
that come from the interface conditions (3.4) and ABCs (3.11). More precisely, the first sub-vector w., in
(4.4) is known and fixed because of (3.4) and we can rewrite (3.4) as wy, = u,, where u, is given. The last
sub-vector w. s in (4.4) is a function of w. y_; according to (3.11). Therefore, we can conclude that only wy
and w. y_; contain free variables that provide the search space for optimization, and as such rewrite (4.6) as

wogﬂlir} ) |[V(Bwy + (C + DT)w. j_1 + Aw,)|1 = min |Ez — fll1, (4.7
where E = V[B,C + DT] is an M x (N — |y| — L) given matrix, z = [wo, w. j_1]7 is an (N — |y| — L)-
dimensional vector of unknowns, and f = — VAw, is an M-dimensional known vector of the right-hand
side. Minimization problem (4.7) is, in fact, a problem of finding a weak solution in the sense of L; of an

overdetermined complex linear system Ez = f.
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Let us first note that the most conventional weak formulation for an overdetermined system Ez = f
would be that in the sense of L, rather than (4.7). The L, minimization problem: ||Ez — f||» — min, has
proven easy to solve numerically even for rather complex geometries. It does not require the Moore-Penrose
type arguments and can be conveniently solved by a standard QR algorithm; we report the corresponding
results in our forthcoming paper (see footnote 4). As has been mentioned, though, this formulation lacks
a convincing physical interpretation and therefore, hereafter we concentrate on solving the L; optimization
problem (4.7).

By introducing M additional real variables ¢t; € R, ¢ = 1,... , M, one can reduce problem (4.7) to the
following optimization problem with equality-type constraints:

min E t;,
i

. (4.8)
‘Ze,-jzj‘—tizo, lzl,...,M,
J
which is equivalent to the problem with inequality-type constraints:
min Z ti,
’ (4.9)

‘zeijzj‘—tiﬁo, i=1,...,M.
J

If all the quantities involved in the formulation (4.7) were real, then problem (4.9) would, in turn, be
equivalent to the linear programming problem (see [19, Chapter 12, §4]):

min E t;,
i

—tiSZeijzjgti, izl,...,M,
J

(4.10)

which nowadays can be solved efficiently even for large dimensions. However, complex entries in E, z, and
I, see (4.7), are essential in order to account for traveling waves, so we will actually need to solve a nonlinear
problem (4.9) rather than a linear problem (4.10).

The most obvious disadvantage of optimizing in the sense of L; is that the foregoing problem (4.9)
appears very difficult to solve numerically. Besides being nonlinear, the constraints are obviously non-
smooth. Moreover, strictly speaking those constrains are not convex either. Indeed, for every i = 1,... , M,
the inequality ‘ > eijzj‘ —t; <0 defines a cone in the space of variables ¢;, ®( > eijzj), and S( > e,-jzj).
As we are only considering the upper half of the cone, this set is geometrically convex. However, algebraically
the function ‘ 2 €ij%j ‘2 —12 of variables z;, t;, obviously cannot be convex. And the algebraic convexity (i.e.,
positive semi-definiteness of the Hessian) is exactly what distinguishes between the convex and non-convex
programming problems, with the latter being substantially more difficult to treat in a numerical setting,
see [19, Chapter 24]. Of course, problem (4.9) can be reformulated so that the constraints will become truly

convex:
min E Vi,

2 z (4.11)
‘E eijzj‘ -t <0, +=1,...,M.
J
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However, in the formulation (4.11) the most “harmless” cost function that one can think of, i.e., the linear
function ), t;, has been replaced by the function ), +/%; that has singular derivatives at the optimum.
Experimentally, we have observed that this presents even more severe problems for a numerical optimizer.

Altogether, the combination of non-linearity, non-smoothness, and only “marginal” convexity (optimiza-
tion over cones) makes problem (4.9) a serious challenge even for the most sophisticated state-of-the-art
approaches to numerical optimization — the approaches that are typically based on interior point meth-
ods [10,19]. The difficulties are further exacerbated by the large dimension of the grid that the problem is
formulated on. Even for the aforementioned state-of-the art methods the maximum number of constraints
that they can handle is typically on the order of hundreds. And in problem (4.9), the number of constraints
is the same as the number of grid nodes M. As such, one can easily encounter an orders of magnitude
difference between the number of constraints that the numerical optimizer will handle, and the number of
grid nodes that will make the formulation of an active noise control problem practically interesting. This is
especially true for the three-dimensional problems.

In spite of all difficulties, we have still managed to obtain numerical solutions in two space dimensions
for some simple test cases. All numerical experiments that we have conducted indicate a very consistent

behavior of the L; optimal solution for control sources. It happens to be the discrete layer of monopoles
(h, surf)
monopole

(3.3) to the auxiliary function w(®) defined by (3.12a), (3.12b). In the following Section 4.2, we report the

corresponding computational results, and in the subsequent Section 4.3, we provide a general proof of the

on the surface g described in Section 3.4. Recall, this solution is obtained by applying formula

global L; optimality of this surface monopole solution in the case of one space dimension.

4.2. Numerical Solution of the L; Optimization Problem. For our numerical simulations, we
have considered the simplest possible two-dimensional geometric setup, with the protected domain 2 in the
form of a disk of radius r = 1 centered at the origin. The external artificial boundary was a circle of radius
R > r, asin Section 3.3. As such, the resulting discrete control sources were concentrated within the annular
regionr < p < R.

In contradistinction to Section 3.3, we have used here a polar grid, which was stretched in the radial
direction. This allowed us to keep the cell aspect ratio constant. The grid is first built in the coordinates
(Inp,6), it has equal square cells 22 x 2% and is constructed on the rectangle [—2X,In R] x [0,2x]. Then,
the conformal mapping e!™#*% maps it onto a polar grid with uniform angular spacing: 6, = sA#, where
Af = 2% and 5 =0,..., L, so that §y = 0 and 6, = 27, and nonuniform radial spacing p; = exp (3£ - j),
j=-1,0,...,J,s0 that p_; = exp (=2F), po =1 =r, and p; = R. It is convenient to define the grid sizes
in the radial direction as Ap; = p; — pj_1 = exp (3F-j) —exp (32-(j — 1)), j =0,...,J. The Helmholtz
operator can be easily approximated on this new nonuniform grid with the second order of accuracy using the
same five-node stencil as shown in Figure 3.2. This involves little changes compared to the approximation
(3.5), which works for uniform grids, and we refer the reader to our paper [12] for detail. The discrete ABCs

(3.10) or (3.11) do not change, except that Apy needs to be substituted instead of Ap.

As we are building our control sources outside of the protected region Q = {(p,8) |p < r = 1}, i.e., on
0 = R%\Q, we do not need to be concerned with the structure of the grid inside 2. For our constructions,
we will only need to use one grid circle inside 2. This will be the innermost circle j = —1. The second to
innermost circle j = 0 already represents the interface I' = 9Q = {(p,0) | p = r = 1}. Adopting the definition
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(3.2) of the grid subsets introduced in Section 3.1, we obtain:

M+={(pj705)|j=_1}7 M~ Z{(pjaes”onSJ_l}a
N = {(pj,05)|j =-1,0}, N~ ={(p;,0s)| —1<j<J}, (4.12)
v={(pj,05) 15 =-1,0}, 7" ={(pj,0s)[5=-1}, v ={(p;,0s)|j =0}

For all definitions in (4.12), we assume s =0,... ,L — 1.

In the computational experiments, we have used grids with four times the number of cells in the circum-
ferential direction compared to the radial direction. Specific grid dimensions were: L = 32 and L = 48, and
accordingly, J = 7and J = 11. (Note, as j = —1,0,... ,J, the number of cells in the radial direction is J+1.)
The wavenumber & in the Helmholtz equation (1.1) was chosen k = 0.5. The excitation, i.e., the acoustic
field (™ that drives the control system, was taken in the analytic form of a shifted fundamental solution,
see formula (2.3a), as if it were generated by the point source §(z — @), where @, = (pcosb, psinf) = (5,0).
We reemphasize that our approach does not require an explicit knowledge of the exterior sources of noise.
We only need this function u(*) as a sample field to be used as given data in formula (3.4).

We have also considered another case: L = 48, J = 9; for this case, we have selected £k = 0.9. The
excitation was produced by two point sources, §(x — x;) + 6(x — x2), where x; = (5,0) and x, = (1,2).

The matrices and vectors involved in the formulation of the optimization problem (4.7) were constructed
in accordance with the chosen geometric setup. Namely, the dimension of L% see (4.5), was M x N =
(L-J)x(L-(J+2)), the dimension of A, which corresponds to the variables on 7y, was M x2-L = (L-J)x2-L,
the dimension of B was M x (N —4L) = (L-J) x (L-(J —2)), and the dimension of either C or D was
MxL=(L-J)x L.

We have tried several numerical approaches for solving the corresponding minimization problems (4.9),
starting with the algorithms available as a part of the standard Optimization Toolbox in MATLAB. However,
our best numerical results were obtained with the software package SeDuMi by J. F. Sturm.® This is a
numerical algorithm for optimization over cones [15], it employs the ideas of interior-point methods, and
the self-dual embedding technique of [23], see also [11]. The algorithm allows for complex-valued entries,
which is very important in our framework, and also for quasi-convex quadratic and positive semi-definite
constraints. Of course, all the cases that we have been able to compute using SeDuMi (see above) can
still be treated only as simple model examples on the scale of potential applications for noise control (see
Section 4.1). However, the optimal solutions that we have obtained all demonstrate a very coherent behavior
that we discuss below. On Figures 4.1(a), 4.2(a), and 4.3(a) we plot magnitudes of the L, optimal solutions
computed with SeDuMi [15]. Let us also note that SeDuMi is, in fact, a rather general procedure, and
one may expect better numerical performance from more focused algorithms, such as the one proposed by
Andersen, et. al. in [1]. In the future, we plan on trying the algorithm of [1] for solving the foregoing L
minimization problem.

Apparently, the most obvious observation that one can make by looking at Figures 4.1(a), 4.2(a), and
4.3(a) is that in all cases the optimal solution (i.e., the L; minimum) is concentrated on a single circumfer-
ential layer of grid nodes. This is the second to innermost circle of the grid N~ see (4.12), i.e., the grid line

j = 0. It corresponds to the outer portion of the grid boundary v~, see (4.12), and in the continuous case —

Snttp://fewcal.kub.nl/sturm/software/sedumi.html
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to the interface I itself, I' = 0Q = {(p,0) | p = r = 1}. In other words, the L; optimal solutions for control
sources that we have computed can all be interpreted as layers of monopole sources on the perimeter of the
protected region 2. This clearly calls for comparing these optimal solutions with the densities of discrete

single-layer potentials introduced in Section 3.4.

To conform the general definitions of Section 3.4 to the specific geometric setup analyzed here, we need
to construct on N~ \yt the solution w(® of the discrete exterior Dirichlet problem (3.12b) for the case when
4~ is the grid circle j = 0 (in this case, M, corresponds to j > 0). Then, the operator L") of (3.5) needs
to be applied to the overall resulting function w®, including its definition (3.12a) on the inner part y* of

the grid boundary: w%h) = u(nh)
neyt neyt

only differ from zero on v~ (which is an equivalent of M~ \M], in this case), we need not consider w(?

. Since we know ahead of time that the resulting controls will

anywhere beyond j = 1. Consequently, for the purpose of constructing surface monopoles, we may simply
set J = 1, and consider w(® on three grid circles only: j = —1,j=0=J —1, and j = 1 = J. In so doing,
we obviously have to specify the ABCs (3.11) right on the interface; in other words, the input for the ABCs

will be on v, .i.e., at j = 0, and the output — on the outermost circle j = J = 1. Clearly, specifying the

(h)
S’]

the aforementioned exterior Dirichlet problem. And once we know w® for j = —1, 0, and 1, we can easily

ABCs on v~ allows us to reconstruct w, ; for j = J directly by formula (3.11), i.e., without actually solving

obtain the discrete surface monopole controls on v, i.e., for j = 0. As in Section 3.4, we will denote these
(h,surf)

control sources g, . ooole-

14 14

1.2 1.2

(h,surf)
monopole

(a) L1 optimal solution (b) Surface monopoles g

Fi1g. 4.1. Control sources for L =32, J =7, k = 0.5, ezcitation §(z — z1), 1 = (5,0).
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(h,surf)

(a) L1 optimal solution (b) Surface monopoles g, ;" o).

F1g. 4.2. Control sources for L = 48, J = 11, k = 0.5, ezcitation §(z — z1), 1 = (5,0).
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(h,surf)

(a) L1 optimal solution (b) Surface monopoles g, "C"c,

F1a. 4.3. Control sources for L =48, J =9, k = 0.9, ezxcitation §(z — x1) + d(z — x2), &1 = (5,0), z2 = (1,2).

(h,surf)
monopole

for the
exact same cases, for which we have explicitly computed the L; minimal solutions using SeDuMi. Comparing
Figures 4.1(a), 4.2(a), and 4.3(a) with respective Figures 4.1(b), 4.2(b), and 4.3(b) at a glance, we conclude

that there is virtually no difference between them. In other words, the L; optimal solutions coincide with
(h,surf)
monopole”’
Ly norm of the difference on the grid M~ between each L; optimal solution and the corresponding surface
(h,surf) (h,surf)
monopole’ monopole

In Figures 4.1(b), 4.2(b), and 4.3(b), we plot magnitudes of the discrete surface controls g

the surface monopole control sources g To corroborate this conclusion accurately, we evaluate the

monopole layer g assuming that g = 0 everywhere except on y~. The results are presented

in Table 4.1.
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TABLE 4.1

Comparison of the computed L1 optimal solutions with surface monopoles.

Case ‘ min,, o [|g™]|, o ‘ ng(r}lléilf)ﬁ())1e||1,m— ‘ ||gl(][’:1)n —gl(:ll(’)::flf())le||l’M_ ‘ Relative diff.
Figure 4.1 0.5764 0.5761 0.0067 0.0117
Figure 4.2 0.5769 0.5761 0.0036 0.0063
Figure 4.3 0.9760 0.9750 0.0083 0.0085

The data in Table 4.1, which take into account both magnitude and phase, do corroborate that the
respective solutions are close to one another. Moreover, by comparing the second and third rows in Table 4.1
we can apparently observe the phenomenon of grid convergence. Indeed, the case of Figure 4.2 is computed
on the grid which is 1.5 times finer in each direction than the grid of Figure 4.1. For a second-order scheme,

we can consequently expect a drop in the error by a factor of ~ 2.25, which we indeed see in Table 4.1 for both
(h) (h,surf)
min monopole*®

though the solutions that we are computing are obviously not smooth, and as such, the grid convergence may

the absolute and relative difference between the L; minimum g . and surface monopoles g Even

be difficult to justify analytically, the foregoing experimental observation certainly makes our point about
(h) (h,surf)
min monopole

the coincidence of g_ . and g even more convincing.

Summarizing the foregoing numerical results, we can see that in all the cases analyzed the minimum for

(h,surf) |

the L; norms of the control sources g*) on M, see (4.3), is actually given by the L; norm of Imonopole:

(h,surf)

Iurjl(lhr)l ||g(h) Hl,M— = ||gmonopole||1,M— :

The right-hand side of the previous equality can be recast into a more natural form by noticing that surface
(h,surf)

controls g, hopole

are defined only on «~. Then, we can replace the L; norm over the two-dimensional grid
domain M~ by the L; norm over the “one-dimensional” grid subset . This will bring about a factor of Ap,
because obviously the cell areas V;,,, see (4.3), that correspond to nodes j = 0 are all equal and proportional

to Ap;. As such, we obtain:

min [lg® |, 1o = [ mamapotel,,- 21 (4.13)

w(h)

Equality (4.13) basically conjectures global minimality of the surface monopole solution for active controls
in the sense of L.

As of yet, of course, we can only claim that equality (4.13) holds because it has been corroborated
by a particular collection of numerical experiments that we have conducted. However, motivated by the
consistency of our experimental observations that all suggest (4.13), see Figures 4.1, 4.2, and 4.3, and
Table 4.1, we have been able to prove a general result on the global L; optimality of the surface monopole

solution for controls in both continuous and discrete formulation in the one-dimensional case.

4.3. One-Dimensional Proof of Global L; Optimality. It will be convenient to consider simulta-
neously both the continuous and discrete formulation of the one-dimensional noise control problem. Let’s
denote the independent variable z € R and introduce the one-dimensional Helmholtz equation for the field
variable u = u(z) (cf. equation (1.1)):

2

d“u .
Lu=_—+ k*u = f(z). (4.14)
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Then, we introduce a uniform grid , = n-h, n = 0,£1,£2,..., of variable z, and approximate equation
(4.14) with the second-order central-difference scheme

h h h
L) () — u;ll — 2u7(1 ) +u5b_)1

h2

+ KM = fm. (4.15)

Note, we are using here the same subscript “n” for both the discrete unknown function u(® and discrete
right-hand side f(®, because for the particular scheme (4.15) they are defined on the same grid. We will
still need to distinguish, however, between the grids M and N when constructing the necessary grid subsets.
Let us assume that our protected region (2 corresponds to x < 0 and accordingly, the complementary

region )y corresponds to z > 0. Then, the continuous control sources will be given by (cf. formula (2.1))
d*w

o) = =55 ~ Fu

o , (4.16)

z>0

where the auxiliary function w(z), z > 0, is supposed to satisfy the interface conditions (cf. formula (2.2))

d_w
dx

_du

w(0) = u(0), @

(4.17)

7
z=0

and the appropriate ABC, i.e., the radiation boundary condition, as © — +00. The quantities u(0) and

du
dz |z=0

Next, applying the definitions of Section 3.1 to a particular stencil given by (4.15), we will have: Mt =
{mim=n=-1,-2,..}, M ={m|m=n=0,1,2,...}, NN ={n|n=0,-1,-2,...}, N = {n|n =
-1,0,1,2,...}, and v = {n|n = —1,0}. Accordingly, the discrete one-dimensional control sources will be

in (4.17) are assumed given.

given by (cf. formula (3.3))

(h) (R) (h)

-2 +w,” .
o) = — T Il ) (419
h n>0
where the auxiliary grid function wi is supposed to satisfy the interface conditions on v = {n|n = —1,0}
(cf. formula (3.4))
w =, wf = ug?, (4.19)

and the appropriate ABC at infinity, or in other words, for large n’s. Again, the quantities u(fl) and u(()h) in
(4.19) are considered given.

To obtain the continuous ABC, we assume that the auxiliary function w(z) satisfies the homogeneous
version of equation (4.14): Lw = 0 for z > X > 0. This equation has two linearly independent solutions:
e~ is a right-traveling wave, and e*** is a left traveling wave. In the one-dimensional framework, we obvi-
ously need to treat the right-traveling wave as outgoing for the artificial outer boundary x = X. Therefore,
employing the same mode selection principle as in Section 2.2, we arrive at the following ABC (cf. formulae

(2.13) and (2.17))

dw

I - = —ikw(X), (4.20)
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which guarantees that only one of the two aforementioned linearly-independent modes, namely e~ %%, will
remain in the composition of w(z) for x > X. Note, boundary condition (4.20) can, in fact, be interpreted
as the Sommerfeld radiation condition. In the one-dimensional case, it can be specified at a finite location,
in contradistinction to the multidimensional case when these boundary conditions can only be specified at
infinity, see formulae (1.2a), (1.2b). Altogether, the continuous auxiliary function w = w(z) that defines the
control sources g(z) by formula (4.16), is specified on the interval [0, X] and satisfies boundary conditions
(4.17) and (4.20).

To obtain the discrete one-dimensional ABC, we will not approximate (4.20) with finite differences, as
we did in Section 3.3 for the polar case, when it was basically the only option. We will rather use a genuine
finite-difference approach, which has shown efficient in many cases (see the review [17]), and which was
studied in our recent paper [4] for a more complex formulation that involves a high-order approximation to
the Helmholtz equation. Let’s assume that the auxiliary grid function w'®) satisfies the homogeneous version

of equation (4.15): LM w(h) |n =0for n > N > 0 (one may think that X = (N — 1) - h). This homogeneous

n 1

finite-difference equation has two linearly independent solutions: ¢™ and ¢~ ™, where ¢ and ¢~ are roots of

the corresponding algebraic characteristic equation
@ — (2—-k*h*)g+1=0. (4.21)

These roots are given by the formulae:

1 [ 1 1 [ 1
g=1- 5k2h2 —ikhy/1— Zk2h2, ¢ l=1- §k2h2 + ikhy/1 — ka. (4.22)

It is easy to see from (4.22) that for small h the discrete wave ¢" approximates the continuous right-traveling
wave e~ %% and the discrete wave ¢~ ™ approximates the continuous left-traveling wave e***. Therefore,
the solution ¢™ shall be interpreted as a discrete outgoing wave, and ¢~ " shall be interpreted as a discrete
incoming wave, for the external artificial boundary n = N. To guarantee the radiation of waves, we need
to select ¢" and prohibit ¢~—", or in other words, require that w%h) = c¢-q" for n > N, where ¢ = const.
Accordingly, we arrive at the following discrete ABC:

W = g w® (4.23)

which guarantees that only one of the two aforementioned linearly independent solutions, namely ¢", will
remain in the composition of wslh) for n > N. Altogether, the auxiliary grid function w(® = wS{” that
defines the control sources g(® by formula (4.18) is specified on the grid subset {n|n = —1,0,1,...,N} and
satisfies boundary conditions (4.19) and (4.23).

From now on, we will be considering only the situation with no interior sources. In other words, the
only field present in the model before control will be the incoming field with respect to the protected region

Q) = {z € R|z < 0}. In the continuous case it can be expressed as u(z) = v~ (x) = Ae***, and in the discrete
case — as ug‘) = u%h)_ = Aq~", where A = const. This restriction, in fact, presents no loss of generality.
Indeed, if we had both components, u(z) = v~ (z) + ut(z) = Ae?** + Be~*? and chosen w(z) according

to (4.17) and (4.20), then we could have replaced this w(z) by w(z) = w(z) — Be™** = w(z) — u™(z).

ao — du”
'V dz lg=0 — “dz lz=0

of (4.17), and the same original ABC (4.20). Most important, the control sources generated by this new

The function @(z) would satisfy the new interface conditions w(0) = u=(0) instead
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auxiliary function according to (4.16) will be the exact same control sources as those generated by w(z):

Lw = Ljii+Be~*%] = L, z > 0. Similarly in the discrete case, if we had u) = u{~+u* = Ag~"+Bq",

then the auxiliary functions wgh) and wﬁﬁ’ = w&h) — Bq" = wgh) — u%hH

would generate the exact same
discrete control sources according to (4.18). Of course, the foregoing argument is in complete agreement
with the general discussion of Section 2 on insensitivity of the control sources to the interior sound.

In the continuous one-dimensional case, the interface between the protected region Q = {z € R|z < 0}
and its complement Qq = {z € R|z > 0} is obviously one point z = 0. To construct the corresponding
“surface” monopole controls, we consider a special form of the auxiliary function w(z). Namely, if the
original field to be controlled is the left-traveling wave that propagates into Q, u(z) = u=(z) = Aei*?,
z < 0, then we take w(z) in the form of the right-traveling wave: w(z) = Ae~ %2 z > 0. Obviously, this
function w(z) solves the homogeneous equation on Q: Lw = 0, z > 0, and satisfies the ABC (4.16). It
also satisfies the Dirichlet boundary condition at the interface x = 0: w(0) = w(0). Altogether, we see that
w(z) selected this way solves the one-dimensional counterpart of the exterior Dirichlet problem (2.21) that
we used in Section 2.3 to obtain the control sources in the form of surface monopoles. According to the
analysis of Section 2.3, surface monopoles are obtained by applying the operator —L to the function v of
(2.19), which has discontinuous first derivative across the interface. In the specific one-dimensional case that
we are studying here, this function is given by

Aet**  for <0
v(z) = ) . (4.24)
Ae %z for >0

Applying the operator — L, see (4.14), to the function v(z) of (4.24) in the sense of distributions, see [22],
we obtain the following “surface” (in fact, point) monopole control source (cf. formula (2.24)):

(surl) — 2 4ikd(z). (4.25)

gmonopole

. . . . . . h _
To obtain the discrete “surface” monopoles in the one-dimensional case, we need to consider u% ) = Ag™™

for n <0, and w%h) = Aq" for n > 0; we also set w&hl) = u(fl) . The aforementioned w%h) solves the discrete

homogeneous equation LM = 0 for n > 0, satisfies the discrete ABC (4.23), and the interface conditions
w,(yh) = ugh), or equivalently (4.19). In other words, the selected w® solves the one-dimensional version of
the exterior Dirichlet-type problem (3.12b), (3.12a), that we used in Section 3.4 to derive surface monopole
controls in the discrete framework. Applying the operator — L"), see (4.15), to the foregoing function w(")

we obtain the discrete surface control source

(h,surf) —A (2(1’1;21 + k2) for n=20

monopole

. (4.26)
0 for n>0

We are now prepared to formulate our central result on global L; optimality of surface monopoles

in the one-dimensional discrete framework. For any function w® = w{") that satisfies the ABC (4.23)

and the interface conditions (4.19), where uh =

Ag~™, n < 0, the L; norm of the corresponding control
sources (4.18) will always be greater or equal than the magnitude of the surface monopole (4.26) times

the grid size h: [|g™], > ‘ gr(:(;rslg;fgle h. In the case wi") = Ag™ the equality is achieved, and as such:

(h,surf)

min,, ) [|g™]|, = ‘ Imanopale| - In other words, the following theorem holds.
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THEOREM 4.1. Let a complez-valued function wh) = wsb) be defined on the grid n = —1,0,1,... ,N,

where N > 0 can be arbitrary. Let w(()h) = A, where A € C is a given constant; and w(h) = qw(()h) and
(h) = qwl(\’;) 1, where q is defined by formula (4.22). Then,
w™® (h) (h)
— 2wn
min 37 | Lt =20 T Wnm1 e, 0] 4|2 (4.27)
o h
Proof. Let us introduce new quantities pg, p1,..., PN_2 SO that w(h) = pow(()h), gh) = plwgh), s
wg\’;)_ =pN_ 2’[1)5\]) 5. Then, the sum on the left-hand side of equation (4.27) can be recast in the following
h h h h
form (taking into account that w( ) = qw( ) and w( ) = qwgv) )
N1, () wi (h)
-2 -2 1
n=0
pip2 —2p1 +1 p2p3 —2p2 +1
[Allpol | =75~ + i | + [Allpollpr| | =55 —— + K2 + ...

PN-2¢ —2pN—2+1

e + E*pn_a| .

+|A||po||p1] - - - lpN—3]

Next, we introduce new notations: pg = q + 29, p1 = ¢ + 21, ---, PN—2 = ¢ + ZN—_2, where ¢ is defined by
(4.22), and all the quantities are generally assumed complex. Using these new notations, we can rewrite the

generic term on the right-hand side of the previous equality as follows:

Pnt+1Pn+2 — 2Pny1 +1

|Allpollp1]- - - |pal W + kpnga| =
q+z q+=z —2(qg+ 2 +1
[Allg+ zollg+ 21l g+ 2 |20 )0 2 Z2OH i) P g g =
2_2¢g+1 0 Zna1Znea + @(Zna1 + Znaa) — 22n
R O A e R .
v

Zn + 2n -2
[Allg+ sl + 2oy + ][220 2000 (422 +k2>‘

h2

+

Zn+2((1 + Zn+1) Zn+1
|Allg + 20llq + 21 - - - g + 2| = 2

2_ ¢ p
In the last chain of equalities, expression 4 _hquJrl +k2q turns into zero by virtue of the characteristic equation

(4.21), and p = q — 2 + k2h%. Using the definition of q (4.22), we can obtain:

1 / 1 [ 1
|M|2=‘—1—§k2h2—ikh 1——k2h2+k2h2 :‘—1+§k2h2—ikh 1— Jk2h?) =

(—1 + %thQ) +k°h’ ( k2h2) =1-k*h* + %k‘*h“ + k*h* — ik‘*h‘* =1.
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Finally, collecting all terms, we can now have:

h h h
Z £LJ21 2w()+w£_)1+k2 )| _ (Q+ZO)+_ n
12 Wn = h? h? n2t
n=0
2lg+z) = z3(q + 22)
|A]lg + 2o hi*‘pﬂ + |A|lg + 20llg + 21| T+F +.
+|Allg + zollg + 21| - - -|q
— 14125+ 141 23] 1l = 1Al + 2ol 2L+ g+ 2ol 2l -
ol o P ool
|4fla + zollg + 21|55 + [Allg + 2ollg + 21|55 |ul = - + |Allg + 20llg + 2] - - |g + 2v-s| =5~ |pl =
In other words, we have obtained the inequality
N-1| (h) (h) (h)
— 2wy’ +w,’ -1 .
Z Wy 11 o n—1 +k2w7(lh) Z|A|‘2q7+k2 . (428)
n=0

To establish the result of the Theorem, i.e., formula (4.27), it only remains to show that there will be a
particular w® = w%h), for which inequality (4.28) transforms into the equality. Clearly, the equality in
formula (4.28) is achieved for wﬁ) = Aq™, n > 0, because in this case zg = 21 = ... = zy_2 = 0. This
completes the proof. O

Let us also recall that if we multiply the sum on the left-hand side of either formula (4.27) or formula
(4.28) by the grid size h, we obtain the discrete L; norm of the control sources g(®. Therefore, inequality

(4.28) transforms into

o], > Josm,

h, (4.29)

and consequently, we have, in effect, demonstrated the global L; minimality of the surface control sources:

(h, surf)
monopole

min ||g(h) H ‘g h. (4.30)

w(h)

Equality (4.30) is a one-dimensional counterpart of (4.13), but unlike the experimentally established formula
(4.13), equality (4.30) has been proven rigorously.
The foregoing proof of Theorem 4.1 also reveals the mechanism of discrepancy between the optimal

ﬁ;ﬁg;?le and all other suboptimal controls. Namely, every time the auxiliary function w%h) “departs”

control g
from the pure right-traveling wave Aq™, which is equivalent to having z,, # 0, we may pick up additional

value of ||g(h) ||1 in case the actual estimate based on the triangle inequality that we use:

Zn+2(q + Zn+1) | Znt1
h? h?

|Allg + 20llg + 21] - - - |g + 2n] ul >

| n+1| | n+2|

|Allg + zollg + 21] - - - |g + 2n| Il = |Allg + zollg + 21| - - . |g + znl|q + 2n41]
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happens to be “strictly greater” rather than “greater or equal” for this given term. It is also interesting to

look into the role of the ABC (4.23). This boundary condition “swallows” the last term in the sum so that
(h, surf)

monopole| Will remain.

all the previous terms can cancel one another in pairs, and only the first term ‘ g

Next, we will analyze the continuous case. Let’s assume that w(z) is a regular smooth function, which
is defined on the interval [0, X] and satisfies boundary conditions (4.17) and (4.20). Let us also assume that
the gird function w®) = w%h), n=0,1,...,N —1, is the trace of w(z) on the aforementioned uniform grid
with size h: w{® = w(z,) = w(n - h). Note, we need to require sufficient smoothness of w(x) in order
to guarantee the consistency of the finite-difference scheme: L™ w") = Lw + O(h?) (see equations (4.14)
and (4.15)). Let us additionally define w(_hl) = qw(()h) and w%l) = qwl(\};)_l, in accordance with the boundary
conditions (4.19) and (4.23), respectively, like in the formulation of Theorem 4.1. Then, for small h we can

disregard the quadratic terms in the definition of ¢, see (4.22), and have for the right endpoint:

h h
) —uff),

h

= —ikw%’ll,
which is obviously an approximation of the continuous ABC (4.20) with the accuracy O(h). Similarly, for
the left endpoint we obtain:

wy” —wl

(h)
h 0

=ikwy ",

which is an O(h) accurate approximation of the second boundary condition (4.17) under the assumption that
the field to be controlled is u(z) = u™ (z) = Ae**, z < 0, and consequently, 2 w0 = tku(0). Altogether, we
have constructed a grid function w®) = wﬁ!’), n=-1,0,...,N, that satisfies the conditions of Theorem 4.1
and also approximates on the grid all the continuous requirements to the function w = w(z).

Let us now again multiply both sides of inequality (4.28) by the positive quantity h, and consider
independently the limit on its right-hand side, and the limit on its left-hand side, as h — +0. First, we

—k? - %,/1— ik%z’ + K

Note, the limit is equal to the magnitude of the surface monopole in the continuous formulation, see (4.25).

obtain:

-1

q 2
e +k

|A] ‘2 h=|A| h— 2/Alk, as h— +0.

Next, on the left-hand side we have:

N-1], (h) (h) (b N-1| »
Wiy = 2Wn" +Wply o oyl d"w 2 2
n§:0 3 + k2w | b = n§:0: 5 (@n) + K?w(za) | h + O(h*) —

X
/
0

Note, the limit is equal to the L; norm ||g||1 of the continuous control sources g(z) defined by formula (4.16).

Pw

W(m) + k*w(z)|dr, as h — +0.

As inequality (4.28) holds for any given value of h, we can claim that it will also hold in the limit h — +0.
Therefore, we have arrived at the following
COROLLARY 4.2. Let a complex-valued function w = w(z) be defined on [0,X]. Let w(0) = A, where
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A € C is a given constant; and w'(0) = ikw(0) and w'(X) = —ikw(X). Then,
b'e
0/

It is easy to see that the requirements of w(z) formulated in Corollary 4.2 are equivalent to the conditions

d?w

E(m) + k*w(z)| dx > 2|Alk. (4.31)

that guarantee the appropriateness of w(z) for constructing the control sources g(z) using (4.16), see formulae
(4.17) and (4.20). Therefore, the result of Corollary 4.2, i.e., inequality (4.31), can be recast as

llglls > 2[Alk. (4.32)

On the right-hand side of inequality (4.32) we have magnitude of the “surface” monopole g®*™) ' defined

monopole
by formula (4.25). Note, unlike in the previously considered discrete case, when the minimal solution
(h, surf)
monopole

minimum g

of (4.26) was an element of the same class of control sources g defined by (4.18), here the

(surf)
monopole

(z) defined by (4.25) belongs to a different class of functions, namely, singular (i.e., -
type) distributions, as opposed to regular (i.e., L{°?) distributions. Tn other words, g®*%)  (z) ¢ L;(R),

monopole

and not even L{°“(R). As such, we cannot introduce the L; norm of gfsgg?pole(x). Therefore, inequality

(4.32) formally has to stay the way it is. However, symbolically we can, of course, write

/R gD (@)]dr = /R 124ik6(x)| dz = 2| Alk, (4.33)

(surf)

which allows us to “informally” interpret inequality (4.32) as if g,,onopote

(z) of (4.25) provided a lower bound
in L; for all the control sources g(x) defined by (4.16). Let us also note that “integration” with respect to
in (4.33) that “removes” the d-function itself and leaves only its magnitude 2k|A|, is a continuous analogue
of multiplication by h on the right-hand side of formulae (4.29) or (4.30). Therefore, we conclude that the

continuous inequality (4.32) is a direct counterpart of the discrete inequality (4.29).
(surf)
monopole

L (R) that are arbitrarily close to g
sequence of regular auxiliary functions w,(z), such that the corresponding g.(z) obtained according to (4.16),
(urf)  (7) of (4.25) in the sense of distributions. This will allow us to claim that although

monopole

. . b f
the minimal solution gfﬁ})‘;gpole

(z) ¢ L9 (R), we will still show that there are regular control sources g(z) €

(surf)
monopole

Even though g¢

(z) in the weak sense. More precisely, we will construct a

will converge to g
(z) is singular, it is, in fact, “on the borderline” of the class of regular solutions.
In other words, it is a limiting point, in the sense of weak convergence, of the space of all g(x) defined by

formula (4.25). In additions, we will also show that the L; norms ||g¢|| converge to the magnitude 2k|A| of

(surf)

monopole(®) Of (4.25). This will allow us to formulate in the continuous case the

the “surface” monopole g
result similar to the minimality (4.30) but in the sense of “infimum” rather than “minimum.”

Consider a regular function w, = we(z) that is defined on [0, X] and satisfies boundary conditions (4.17)
and (4.20) with u(z) = Ae*® for x < 0. In addition, let us assume that not only for z > X, but also
in between some (small) ¢ < X and X, the function w.(z) already coincides with a right-traveling wave:
w(z) = w(e)e =) e <z < X. In other words, we require that w.(0) = A, w’(0) = ikA, and w’(e) =
—ikwe(€). For the purpose of obtaining the aforementioned convergent sequence, we will subsequently let
€ — +0. The control sources g.(z) are defined according to formula (4.16): g.(z) = —w"(z) — kK*w.(z),

0 <z <€, and for z > € we have g.(z) = 0. If p = p(x) is a test function on R, i.e., a compactly supported
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infinitely smooth function, see [22], then the corresponding functional, i.e., the distribution g, itself, can be
represented as follows:

(ger0) = / ge()p(e)de = / [—w"(z) - Buw)lp(e)ds =
0

w(€)¢'(e) — w(0)p(0) — [p(e)w'(€) — p(0)w' (0)] + / [~w(2)¢" (2) + k*w(z)p(2)]de.
0

As w(z) € L) (R) and ¢(z) is a test function, the integral on the right-hand side of the previous equality
vanishes as ¢ — +0. Let us now additionally assume that the functions w. = w¢(x) are constructed so
that w,(e) — we(0) when ¢ — +0. In other words, we assume continuity at © = 0. Then, because of the
boundary condition (4.20) at x = €, we have w.(e) — —ikA as e — +0. Altogether, we obtain

(ge, ) — 2ikAp(0), as e — +0. (4.34)

The limit (4.34) implies that in the sense of distributions

ge(z) —> giourt) | o(z) = 2ikAd(z), as e — +0. (4.35)

Let now specify a particular form of w¢(z):

—ikA
we(z) = lek 2 +ikAz + A, x € [0,¢€. (4.36)

For this function, we have w.(0) = w.(e) = A, w.(0) = ikA, and w.(e) = —ik A, and consequently, w.(z) of

(4.36) meets all the previous conditions. For the L; norm of the corresponding control g.(x), we obtain:

1/2
3 2 2
k2 + (—k—x2 + &3z — —k> ] dx.
€

€

lod = [ o) + . @lds = [ 14
0 0

2k

As we always have 0 < z < ¢, the dominant term in the last integral for small € is =¥, and therefore:

llgell — 2k|A[, as e— +0. (4.37)

Putting together the result of Corollary 4.2, as well as limits (4.35) and (4.37), we arrive at the following
THEOREM 4.3. Let a complez-valued function w = w(z) be defined on [0,X]. Let w(0) = A, where
A € C is a given constant; and w'(0) = tkw(0) and w'(X) = —ikw(X). Then, in the class of regular
control sources g(x) defined by formula (4.16) for all such w(x), one can identify a sequence g.(x) that would

converge in the sense of distributions to the point monopole g(surf) (z) defined by formula (4.25):

monopole

ge(z) — gr(sg;?pole(m) = 2ikAdé(x), as e — +0.

Besides, the magnitude of the point monopole gr(jgfl?pole(x) of (4.25) provides the greatest lower bound for Ly
norms of all the control sources g(x) of (4.16):
inf llgll: = 2k|4]. (4.39)

Clearly, estimate (4.38) can be interpreted as global L; minimality of the “surface” control (4.25) among the
continuous one-dimensional control sources (4.16). It is a continuous version of the previously established
discrete result (4.30).
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5. Discussion. For the problem of active control of sound, we have systematically described time-
harmonic general solutions for the volume and surface control sources in the continuous and discrete formu-
lation of the problem. These control sources guarantee the identical cancellation on unwanted noise on a
predetermined region of interest. We have also proposed a criterion for optimization of the resulting control
sources. This criterion chooses the overall absolute acoustic source strength as the cost function for mini-
mization, and as such admits a clear physical interpretation. Mathematically, it translates into minimization
of complex-valued functions in the sense of Ly, which is a very challenging problem from the standpoint of
numerical implementation. We have still managed, though, to compute several two-dimensional numerical
solutions using the algorithm SeDuMi. All these solutions demonstrate a coherent behavior — the mini-
mum is achieved on the surface of the protected region. In other words, the minimum is delivered by the
appropriate surface monopole controls. Therefore, the numerical evidence that we have received indicates
that surface monopoles may provide a global L; minimum for the control sources in the general setting. We
have been able to rigorously prove this result in the one-dimensional case for both continuous and discrete
formulation of the problem. Even though we have not yet been able to prove a similar result for a general
multi-dimensional framework, we still believe that it is true, because a combination of the two-dimensional
numerical evidence and a one-dimensional accurate proof cannot, in our opinion, be a mere coincidence.
Therefore, we put it forward below in the form of a conjecture. Let us remind, that according to (2.24) the
surface monopole controls are given by

dropoes) = = |5 = 5] ) == [ G0 -] ) =vie)| -0, (5.1)
where w(z) = w(x) —ut(x) as before, and w(zx) is a solution to the exterior Dirichlet problem (2.21). Then,
we can formulate the following

CONJECTURE 5.1. Let a complex-valued function w = w(x) be defined on Q1 = R*\Q, and let it be
sufficiently smooth so that the operator L of (1.1) can be applied to w(x) on its entire domain in the classical
sense, and the result Lw be locally absolutely integrable. Let, in addition, w(z) satisfy the interface conditions
(2.2), where u = u(x) is a given field to be controlled, and the appropriate Sommerfeld radiation boundary
conditions at infinity, (1.2a) or (1.2b). Then, the greatest lower bound for the L1 norms of all the control
sources g(x) obtained with such auziliary functions w(x) using formula (2.1), is given by the Ly norm on T
of the magnitude of surface monopoles (5.1):

it [ Jo(e)de = [ i@ (5:2)

Alternatively, we can rewrite formula (5.2) as
inf [lg(z)l1.0, = [[¥[1r- (5.3)
w(z)

Equality (5.3) is a multi-dimensional generalization of (4.38). Let us also notice that equality (4.13) that
was obtained on the basis of experimental observations in two space dimensions, can be considered a discrete
two-dimensional prototype of (5.3).

In the formulation of Conjecture 5.1, we did not include the results on the convergence of a sequence

of volumetric controls to the surface layer v4(I"), see (5.1), and on the convergence of the corresponding Lq
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norms, as we did in Theorem 4.3 for the one-dimensional case. We believe, though, that these results can
be easily formulated and justified in the multi-dimensional framework using an approach similar to the one
that we have used in the one-dimensional case. The key missing part, however, that does not yet allow us
to transform Conjecture 5.1 into a Theorem, is proving that surface monopoles provide a lower bound for
the volumetric controls in the sense of L;, whereas showing that this is the greatest lower bound is more
straightforward. The analysis of this problem will be a subject of our future research. In this connection we
can only mention that at least in the two-dimensional case the geometry of the protected region Q should
not be a limitation when constructing a general proof. If one can prove the result for a constant-width linear
strip with periodic boundary conditions on its sides, and with the interface I" being a segment of the straight
line normal to the sides of the strip, then for any other shape the same result can likely be obtained with

the help of a conformal mapping.
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